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lan now has a Ph.D. in mathematics from the University of Chicago. He worked with Don in
The Math Program, from second grade until the summer of 1989, about 12 years. The last
three summers he asked if he could help teach others with Don, which was great! lan was
doing derivatives at age 11 and invented, among other things, a way to get any number in
Pascal's triangle at age 12; Newton did a similar thing at age 19 (see ch. 9, as well as 3, 11
and 14). lan also helped edit this book.

What some people have said about Don’s book
"Calculus By and For Young People (ages 7, yes 7 and up)"

".. charming, competent, far reaching .."-- Heinz Von Foerster, Prof. Emeritus, Dept. of Biophysics and Physiology and
Dept. of Electrical Engineering, University of lllinois, now in Pescadero, CA

"My seven year old and | have found your book fascinating. In chapter 8, in solving the quadratic equation
X’ - 5x + 6 = 0, we subtracted 6, added 5x, then divided by x and then Jonathan writes

6

X =5 - —6 (we like this.) WOW ! 'Infinity' says Jonathan."
°- 6
5-
6
5-
5-...

---- Mrs. Kathleen Insler, Ellington, CT
"... very well done... " --Martin Gardner, author and former writer of Mathematical Recreations articles in Scientific
American

"On miy first toe dipping into your hand book (child size), chapter | infinite series and skipping for a quick look at what integral

calculus is about, how 'on looking into Chapman's Homer' it all is-- how esthetically pleasing it all is. The beauty of the
obvious, once you have been shown!" --Dr. Morris Greenberg, London, England

"...packed with many problems that can be used in almost any classroom..."--Leonard Yutkins, in the October 1989
Mathematics Teacher (NCTM)
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What is this book?
This is a book of problems to work on and think about. Archimedes, Newton, Euler,
my students and | have worked on them also -- they are important. Important
mathematically and important for understanding problems in your life. Get out some
paper, a pencil and a calculator. Expect chaos and confusion, then you'll be on your
way. This is not a linear book, but do get started on the ideas in chapters 1 and 2
first, then you could jump to chapter 6 or 8 or 13. If you are a parent or teacher
please allow your child to look at the answer sheets and to work with other people
on the problems!
This book is not a 1 year course! One could spend two months on one problem.



On thinking about and doing mathematics

You can do it! You must tell yourself that. Don't think because you haven't done a
problem before, that you can't do it, or that someone else must show you how to
do it first (a myth some people want to use to keep others in ignorance). You can
do it! Don't be afraid. You've learned how to do the hardest things you'll ever do,
walking and talking--mostly by yourself. This stuff is much easier!

Don't worry about making mistakes.. we all do. | make a lot of mistakes. My brighter
students usually make more mistakes because they try an answer, it doesn't
work, they change it until they get a solution.

Stay with it, don't give up, and have fun! This is going to take time. Keep a journal or
diary of your work. Write down what you are doing, what you're thinking about,
what's easy, what you don't understand, questions you have. Make up your own
problems, your own tests.

Talk to someone else about what you are doing; teach it to a friend

Don't get discouraged if you are confused or don't understand it; most of us are
confused about most things, but we don't want others to think we are.

Look for patterns; look at differences and ratios. Don't write one number for an
answer, but write it so you can tell where it came from and how to get the next
answer and all answers. Try to predict what will happen next.

Don't just memorize...try to understand; think about what you are doing. Ask yourself
often..What am | doing? Where am | going? What am 1 trying to do? Be able to
get the answer later on; come back to it again.

Ask a lot of questions; you might get a lot of questions answered by others. Ask
questions like: What happens if | change this number? What happens if | change
this graph? Can | predict what happens next?

Guess. Try a number.. see if it works. This will get you going. Don't wait.

Write a program on a calculator or computer to help solve the problem. Use your
calculator to do the "dirty work".

Graph everything. Look for patterns!

Try to find 2 or 3 ways to do everything. Be able to check your work, that builds
confidence. Do problems more than once, but in a different way

If a problem is difficult, work hard on it, take a break by working on a different
problem, but then come back to the original problem. Change it to one like it, but
easier, solve that one, then go back to the harder one.

All the problems were done by the author, his students, or what the author
understood of the mathematician's works at this time.

This learning will never be finished..there will always be new questions and new
problems...enjoy!

(This page has been expanded and comes free with any purchase of my materials).
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Question worksheets for chapter 1
" A (AY (AY (A) "
7 Year-Olds Do §+(§j + (-B—) +(-§j 4o
(also see Don's videotape "Infinite Series By and For 6 year-olds and up")

Try to find patterns in all your work. Make a picture of everything possible! Have
some graph paper (see appendix 5) ready to use now.

1. The first problem is to add up these fractions

L +§15+ ... forever!

and answer the question: What happens to the sum if we go on forever? Very exciting!

Our strategy will be to add %4& , then —21—+;11-+-;- , then %*%*%*713 and so on, until we find

a pattern that will help us go forever, without having to actually do it. These are called the
partial sums.

Start with an 8x8 square on graph paper,
like that at the right and call it one cake.

Shade in % (one-half or one-twoth) of the

cake. What does % mean? Share the

cake between 2 people, you and someone
else, then shade in one of the two shares.
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There are lots of ways to show % , Er

compare yours with your friend's way.

You can use your own way as we go
along.

We'll start with % as shown in this

picture:

=

Now color in % of % of the cake or % (one-fourth) of the cake, a different color. Don't
overlap the % you did. What does % mean? We share the cake with 4 people and shade in

one of the pieces. 1 of the cake is 1 of L of the cake =LxL = (l) Pl
4 2 2 272 2 4
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This is % and i_ of the cake. R

Now add -;— and i— of the cake, in other words we want to name % + % with one fraction.
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One way to write % + % with one fraction

Ma|—
] —

1
1—
is —2?-— (one and one-half halves or one half

Ma|— 4

and a half of a half). Another way to write
% + 7} is i— because 3 quarters or 3 out of

4 pieces of the cake are now shaded in.
Another way to think about this is % is %, i 3

+ +

SO = %. You could also think about % of a dollar plus % of a dollar is three

L3
4

A —
ENIEN)

1
2
quarters of a dollar or 75 cents. So % + 53" 2 =75

Try to write things different ways! Each different way will help you understand what
you are doing .
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What are we trying to do? and where are we so far? One has to keep asking oneself these
questions, because we start off and get into the fine details and sometimes forget what it is

we set out to do. Our problem was to add
., and keep going forever.
2 4 8 16 32

So far we have

Blw

. What's the next question?

Add 1.1, L
2 4 8

|

So we need to shade in — of the cake in a different color (don't overlap the other pieces).

3
What does % mean? é is @
or % of % of % ,or % of %, or we share the cake with 8 people and shade in one of the

pieces. Shade in % of the cake.
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SEETED 1
SriE .

This is a picture of % %, and é of the cake. : i .55- :
: 25 ':.wwg-‘lw; ‘:
sEEmaE o Tor
B

Now add these and find a single fraction name for -;—+i-+%.
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How many %'s are in the whole cake? -z- make the whole cake or % =1,justas %= 1,
(4 quarters make 1 dollar) and %z 1 (two half-dollars make 1 dollar).

How many %'s are not shaded in? How many %'s are shaded in?

-7
r

Sowe cansay ++Li4lt
PR

1
Or we can also say the shaded part is —42— because % is %, plus the%, plus the % which is

| —

3

B =

and %+ +

.ulw

N N
A=

of or

Tof L

2 4’
1

Or we can also say the shaded part is —24— . Does this make sense? Look carefully at the

picture. Talk to your friends about this.
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Where are we so far?

1=-2

2 47
1L

%+~i—=—= 2 and the other partial sum,
3L 2

1 l+l=l=_L:_4

2 4 8 8 4 2

Look at these partial sums % %, %; do you see a pattern in these numbers? Can you

predict the next one?

Can you find a pattern for these same sums when they are written as %'s?

1 3

1 1

%, ~2i —5‘- ... Predict the next two of these.

Can you find a pattern for these same sums when they are written as % 's?

1
3 33
’Za

% . Predict the next two of these. Talk about these with your friends.

-2
4
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Now we need to shade in % of the cake in a different color (don't overlap the other

pieces). What does % mean? % means share the cake between 16 people and shade in

one share, or - = TofL
1% 7 2

4
lxixlxi=().Theseareallnamesfori!
272727 16
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1

L
4 ’

Now find one fraction name for -;— +

L
4

+

é, and Tl'é are shown in this picture:

1
8

+

€1
16

Calculus By and For Young People -- Worksheets

=
%

L=

',; L)

”
%
B8
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The total shaded portion now is
I B T

—+ — + — +— and can be named as,
2 4 8 16
l+l+l+i=£oras

2 4 8 16 16

PR L A T A
_+_.+_+‘;.:___2_=..i:_8_

8 8 8§ 8 8 4 2

Predict the next partial sum: -;- LI S

4 8 16 32

=7

Can you find a pattern in the partial sums % %, 715 31 63

Can you write the next 4 terms?

2. What's happening to the partial sums?

Are these sums getting bigger, smaller or staying the same size?

8 167 327 64

127

o8’

Are the numbers you are adding each time getting bigger or smaller?

Will the square ever get filled in if we keep going on?

What is this series getting close to? What is the smallest number that the series gets

closer to?
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3. Graph these partial sums. The first 1
point on the graph is (1, %) , that is the first |
partial sum, % Try graphing the 2nd partial 31

4
sum (2 terms added), % at (2, -i—) and so .
on. = I
What happens when you continue the
graph?

]
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I 1

In the sequence R . as n gets bigger and bigger what happens to the

fraction - ?
21}

In the sequence (1 - % ) (1 1 ) (1 1 ) (1 - —1-), . (1 - i), ... as n gets bigger and

bigger what happens to (1 - 21—“ ?
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4. Exponents
This is a little side trip. A few questions about exponents, those little numbers up above,

Iikeltothethirdpower=(lj3= 1yl Lo delel o1
2 2 2 252 T 2022 %

power is 10° =10 x 10 x 10 = 1000. In the table below the powers of ten are shown from
10" down to 10 °. Notice that in going from 10* to 10° we're dividing by 10. Just keep
that pattern! So 10" =10 and 10° = % =1and 10 '= % = 1; fill in the rest of the table

as we did above. 10 to the third

below:

10° =10000 2* =16 3* = 5* =
10° = 1000 2% =8 3 = 5° =
102 =100 22 = 32 = 52 =
10' =10 2'= 3' = 5' =
10°= 1 20 = 30 = 5° =
1O1= _L:L: 1 271: 31: 51_
100 10
102=_L = _1 =01 272 372= 52=
100 102
10°%=_L = 1=001 2° = 37%= 5°%=
1000 10°
t=_L =1 =0001 2= 3= 5 4=
10000 10

What goes in for x to make these true?
a)2' «2° =2  p)2® . 2% = 2
c)2r. 2'=2" _ d)(2)= 2

Check with other people; then you make up some like these, for them. What can you make
different?
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5. A new problem, add
11

Ly Lo Lo orwritten with exponents,
39 27 81

1 ) !

E"L(E) +(§j +(§) +-.. ona9x9or27x27
grid and see what happens.

Shown at the right is% of the cake.

Now color in % of% of the cake, or é of the cake (don't overlap pieces).

Add the fractions % + é

Thencolorin 1 of L of 1 of the cake, or - ofthe cake. Add L+ 1 + L and so on.
3373 27 379 "

Use a calculator to do it with decimals also. What is happening? Is this series getting closer
and closer to some number? What is the smallest number that is too big?

Graph the number of terms vs the partial sums (plot at least 5 points).

+ -;— - % +§IT ... goes to what number?
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1
+— ...

6. Now add these: 1
64 256

1

+ — +

16
Lo (Y ! .

or Z+(Z) +(Z) +(ZJ +---onan 8x8 or 16x16 grid and see what happens.

Shown at the right is % of the cake.

Now color in % of % of the cake, or % of the cake (don't overlap pieces). Add the fractions

L

4 16

Then colorin L of L of L of the cake, or-L of the cake. Add L + L+ L + and so on. Use
4 4 4 64 4 16 64

a calculator to do it with decimals also. What is happening? Is this series getting closer and

closer to some number? What is the smallest number that is too big?

Graph the number of terms vs the partial sums.

So 1,1, L, 1 goestowhat number?
4 16 " ed 256

7. What do we have so far?

1.1, goesto 1
2 4

1,1, goesto L
39 2
1, 1 1
—+ — +.. goesto —
4 16 3

Look for a pattern in the numbers above!

Predict : what %+2l5+... will go to?

Try it and test out your prediction.

Can you generalize what 1 + (ljz+ (—)l (~)4+ . goes to?

X X
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8. Now try a series with the top number of the fraction to start with is not 1, like %

and % . So you would have the following series
Lo -

Remember, if we raise fractions to powers, we get

2 3
(2j=2x2~2'2-4and (2j=5x3x3=2'2’2=i.
5 575 5e5 25

MONENCRE

Before you start, predict what these sums are going to, and write it as a simple fraction.

9. Do a bunch like these, write the answer as a simple fraction,

then try to generalize % + [%)2+ (%j3+ [%j‘l o=

What happens if the top number is larger than the bottom,

e 2
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10. Write a program for a computer or calculator to add up the terms of the infinite
series

A A 2 A 3 A 4 . . . A . .

o (—B—) + (E) + ('g) +... , starting with any fraction 5 that is, be able put in any numbers

for A and B someone else chooses, then have the machine give the partial sums. How
could this program start..hmmm...

Writing a program to do % + [—)2+ (—)l (.—j4+ ... will go something like this:

Put a number in for A.
Put a number in for B.

A + B will give the fraction, but we have to raise it to a power, call it N. N will have to be 1
when we start, then increase by 1 afterwards.

N
We have to add (—g—] to the sum we had before, call that S. Then we need to print S. S will

have to be 0 to start.
Then we have to go back to do this procedure again and again.

Let's write this in basic: or.. with a "for-next" loop
10 N=1 10 S=0

20 S=0 20 INPUT A

30 INPUT A 30 INPUT B

40 INPUT B 40 for N=1to 10
50S=(A/B)"N + S 50S =(A/B)"N + S

60 PRINT S 60 PRINT S
7TON=N+1 70 next N

80 GOTO 50

11. Assorted problems:

s .999999... =17 In , Mo., a 7th grade class, in a small building, had a
great discussion about this. Students came in each day for a week with arguments that it is
or it is not. What do you think? Can you give arguments one way or another? What do your
friends think?
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Change this infinite repeating decimal to a common fraction: .999...

We can write .9999... using an infinite series like one of those above, then find a simple
fraction that is equal to it. What does this decimal mean”? Using the place values we can
write

.9999... =.9+ .09 +.009 + .0009 + ...

0 2 o °_+ . If we then factor the 9 out, we get

— + + +
10 100 1000 10000
= 9 .(_._l__ + __1_ + ! + 1

10 100 1000 10000

=9{% + (%0)2 + (TIJ + (716)4 + ] and now you finish it from here!

+) .and then using exponents

Notice that we can write the sequence of partial sums: .9, .99, .999, .9999, ...
Change the following infinite repeating decimals to common fractions

a) 0.55555...
b) 0.343434...

c) 0.1027027...

start ———

A rubber ball is dropped from a height of 6 feet
above a hardwood floor. When it hits the floor it

bounces back -53- of the previous height. What is the

total distance the ball travels before coming to & L
rest?
o . Zee  Zes
This picture will get you started: 5 5
When the ball drops it travels 6 feet. When it
bounces, it goes up %XG feet. (Remember, leave it
this way, don't get one number). Now when it comes ’ ,
P T A s

down it travels the same distance it went up, %XG
feet.

The total distance will be 6 + %X6 + %X6 + ... keep going until you find a pattern and an

infinite series.

The total distance you get:
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According to Dunham, Huygens suggested to Leibnitz (circa 1670), that he find the
sum of the reciprocals of the triangular numbers.

The first 4 riangular numbers *
- - L]
* * * * * *
- L] »* * - L] - * * *
1 3 B 1o
The triangular numbers are 1, 3, 6, 10, 15, ... . So the problem for Leibnitz was to find

S=1+l+i+_l_+,i.+_1_+
3 6 10 15 21

See if you can do it. It's different from the ones we've done before..watch out!

Often when one is trying to solve one

problem, it often is necessary to solve a

different problem. When Angela started the
problem of -;- + %, she made the % this way. 3z
This turned out fine because there were 32
squares out of 64 and —‘Z— =

1
2

-
Pt

EA YO B rr r
P DA s Dt it Dt
B A st Tt at et Bt s
C, G Al B R EEE St
i i ool

N
.

Then she tried to do 21? the same way, diagonally.

This new shaded part turned out to be 24 squares,

so it was 2% of the cake, which is not —1-; 16 -1 and
64 4’ 64 4

Show 21? of the cake diagonally. How far from the

upper-right corner, across the top, must we go to
draw it?
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In each case below, find the part of the outside square that is shaded in, if you go on
forever with the pattern. Take a guess first, then use an infinite series to do it.

S

a) Area = b) Area =

The infinite series for the area in a):

The infinite series for the area in b):
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Answer worksheets for chapter 1

"7 Year-Olds 2+ (é)z + (AT + (AT o
B B B) B

(also see Don's videotape "Infinite Series By and For 6 year-olds and up")

1. The first problem is to add up these fractions

oL 1, L 1 forever!
2 4 8 16 32
= 2
Different ways to write 2i+%+é are % = TZ = 74 You can find each of these in the

picture if you look carefully!
Different ways to show % Since 11—6 means share the cake with 16 people and shade in

oneshare,oriitisalsolofl= Tyl loplofl= Lyl ol byl
16 2 8 278 27274 27274 2727272
14 1
—| , all names for —.
2 16
A pattern for the partial sums when they are written as % s:
TR S A ol
%, 72 , 74 78 % ... The tops form a sequence which is going to 2, so the whole

fraction is going to 1.

A pattern for these partial sums when they are written as % N

- 32 3
%, %, TZ’ 74’ TS ... he tops form a sequence which is going to 4, so the whole fraction
is going to 1.

1

ST The total shaded portion nowis =+ and

can be renamed as

| —

3

7 3

4
4

)

15

e e £ — = 2 = =
S 16 8

NlooT\l
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i+i+l+l, can be renamed as
2 4 8 16
i+1+~2—+L=1—5 or, as
16 16 16 16 1
PR 1 71 33 2
Sty 2 =22 =42 8
§ 8 8 8 8 4 2

I 3 7 15
o111 1 o3 by . 3= 1=
— Y -t — 44—y = = _2 = _4 = _8 = _16
2 4 8 16 32 32 16 8 4 2

2. What's going on?
If we look at the partial sums

L2 T 1586 ﬂ—zﬁﬂ% there are lots of patterns.
27 4787 167 327 64 1287256 512 1024
These numbers are getting larger. Why? Because we are adding a new piece each time.

The pieces we're adding are getting smaller, like é< % and %< %
The bottom number is doubling each time and are powers of 2; 16 = 24 , 32 = 25.

If we add the top and bottom number of each fraction, this sum will be the top number of

the next fraction, like in % 7+8 = 15, which is the top number in :—Z

The top number is 1 less than the bottom number.

Will this number ever get as big as 27 Is it getting closer to 27 Yes. Will it ever get bigger

than 1?7 No. Because the top number is always 1 less than the bottom number since % is
less than % or1.

a—— y Will the square ever get filled in if we keep going on?
E No, there will always be 1 of the fraction left, not filled
i in. Since the bottom numbers are powers of 2, we

S = 2

_-2_6"_‘, the sum of the first 6 terms of

could write % as

the series and generalize these % 2,7 L8316

ot e - n_ .
R %;- as some people % or as others have written

R T the nth term of this sequence 1 - -217 As n gets bigger

and bigger, —2—1; goes to zero, so 1 - 5‘- goes to 1.
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A
1 *
% . 3. The graph of the partial sums
1, 3 1, E and = are shown on the left.
£ 27 478 16’
al] ]
2 These sums as decimals
are .5, .75, .875, .9375, .96875, .984375, .9921875, ...
which is going to .999... or 1.
u] .y .y .y .y S
u} 1 2 T 4 &
* of terms

1

In the sequence % 7 L

é, o zln ... as n gets bigger and bigger, the fraction zln goes

to zero.

In the sequence (1 - % ) (1 - % ) (1 - % ) (1 - 11—6) . (1 - zln) as n gets bigger and

bigger, (1 - zin) goes to 1.

4. Exponents
The rest of the table is filled in below:

10* = 10000 2°=16 3* =81 5* =625
10° = 1000 2°=8 3% =27 5° =125
10° = 100 2°=4 3% =9 5° =25
10" =10 2'=2 3' =3 5" =
10° = 2° = 3% =1 5° =
RIS oL LS| =1L
10 T 10 10 1 2 a2 3 33 S s s
2_ 1 1 _ 2_ 1 1 2_ 1 1 2_ 1 1
10 —F=m—.o1 2 —2—2=Z 3 —3—2=; 5 —5—2=2—5
10°= L -_L =001 23 =_1_1 3°=L1_1L 53=L1_1
10> 1000 2 8 P 27 53125
10%=L__L =001 24=1_L 34=1_1 54=1__1

._.
<
_
S
S
S
S
™
N
—_
=)
YL
o0
L
W
N
N
N
W
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What goes in for x to make these true?
a)2' «2° = 2° {4)

b) 2° « 2° = 2" {13}

c) 2" « 2 = 2' {-3}

d)(22)= 2¢ {15}

Make up more of these equations for your friends to make true.

5. In finding the sum of the infinite series
2 3 4
HONCNOR

1 1
+ — + — 4.
27 81

The first term is %

2
The sum of the first 2 terms l+(1) L
3 3 373 3 9 9

So the first 2 partial sums :

are %and —‘93. : Eraine TR

! e O A L .-:.. ) |
. 1. I. L)
The sum of the first 3 terms x5 Gad i
2 3 e
1 (1 1y _ e e
3 (5] +(§) -
i = -

Dol 1,112 |

39 373 73

i + L: I
9 27

A3 ¢ L=

973 27

2o, 1 B

27 27 27
So the first 3 partial sums
are

1 4 13

3' 9" 27
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l -+ lxl + _xl xl + lxlxlxl =
3 373 373 3737373
1 1 1 1
-+ = + — + — =
3 9 27 81
B + -4
27 81 81
. 1 4 13 40 121 364
The first 6 partial sums are -, =, —3, —0, —, 364
9’ 27’ 81 243° 729

Lucas, gr.7,saw that each partial sum is % of the fraction less than % ; for example,
1 1

40— —
11,1 -2 - _4%

R TR From this fine observation, his work could be generalized to

37 X5 where n is the number of terms. Then as n gets bigger and bigger
L>0and Ix1l->0s0 1-1xLl 51l g0 L L1 L 1 ., goestol
30 27 30 2 20, 2 39 27 8l 2
6. L[l (V. (1), . = L, 1, 1

4 \4 4 4 4 16 64 256
Let's go!
Lo 25

3125

2l _ 328125
64

L 23 2 33203125
4 16 64 256 256

The partial sums are: 105, 2 8 34l 1365 Eachtermis getting bigger. The top
47 16" 647 256" 1024 4096

number in the fraction is the sum of the top and bottom of the previous fraction.
The decimals seem to go towards .33333... which equals %

Hmmm.. Does Lucas' idea still work? Is each partial sum % of the fraction less than % ?
1 1
. , L U U B T e ¥ .
For the third partial sum, since - x64 = 21—, - - —x—= 3 -3 - = Yes! This
3 3703 37 64 64 64 64
could be generalized to L.

13 X 4in, where n is the number of terms. Then as n gets

bigger and bigger 4ln->0 and %x%ﬂ >0, and %- Iy

1 . . . .
X >3 This series is getting
closer and closer to % and the smallest number that is too big is %
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The graph of the number of terms vs the first

4 partial sums L5 2L 8 forthe series

4’ 167 64 256°

L G_)z . @3 . (%)4 . looks like this:

So far we have the series

L goes to 1
2 4

1,1 1
-+ - +.. goesto —
39 2
1 1 I
—+ —+ ... goesto -
4 16 3

Did you predict what %+—2% +... willgo to? % right, looking at the pattern.

sum

1
3 .
L]
03t
-
0.2
0.14
T T ——
001 2z 3 4

Generalizing from the pattern above, we get the sum of

2 3 4
L+(L)+(Lj+[i)+... > !
X X X X x—1

Calculus By and For Young People -- Worksheets

i

* of terms

-
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At the leftis how Lisa, a high school
student in Colorado thought about

1, (—1)2 + (1)3 + (1)4 +..- She put
4 \4 4 4
dots in the squares that could
never have any part filled and then
noticed that the ratio of shaded to

not-shaded was 1:2. Since the
sum of 1 and 2 is 3, she concluded

that the series converges to %

How about that!
Do you think Lisa's method works
for

L+(1)2+ (1) +(1)“+ 2
3 (3 3 3
Try Lisa's method for

2, (2) N (z)ﬁ (3)2

3 3 3 3
Try Lucas' method for this also.
8. Starting with fractions with the top not equal to 1:

B 3

5 3
3 (3)2 3\ (34 _ 3
_+ - + -— + -— +... — -
7 7 7 7 4
. 2 2 2
There is a pattern here 2335 and
2532 and generalizing
7 4 7-3
A A A (AV. (AP, [AY A
B B-A’°° F‘L(E) +(§J +(EJ o T BoA

Jeff, an 11th grader, when asked to % + (%)2 + (%)3+ (%)4+ ..., divided top and bottom of

the fraction by 2 to make it into an equivalent fraction with top 1! Then he used his rule 1

X

- ﬁ to get the sum. So using Jeff's way, % = % = 2—15 then using the generalization
for sums with top number 1, he gets ZLS 5 51_ = 1—15 =§ . | think Jeff, who hasn't been very

successful trying to memorize the school math, did an elegantly simple and wonderful thing
to solve this problem. In more than 15 years working with these infinite series, | had never
seen this done so simply. | think this is important because he used something he had just
figured out for an easier problem, to solve a harder problem. That to me is really learning to
learn.
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What happens if the top humber is larger than the bottom,

7 (7Y (7Y (7! "
L
In this case the series doesn't converge to a certain value, it diverges, gets bigger and

bigger; or -1< % <1

10. A program for a computer or calculator to add up the terms of the infinite series

A (AY (A (A
OO
starting with any fraction you choose, %, where N stands for the exponent, S stands for the

partial sum, A for the numerator of the fraction, B for the denominator, T for each term

For Casio FX7000G For Apple or IBM, in basic
0->S: 10S=0
?7->A: 20 INPUT A
?7->B: 30 INPUT B
1->N: 40 ForN =110 20
Lbl 7 :
(A+B) XyN + S-> SA 50 S =S + (A/B)*N
N+1->N 60 PRINT S
Goto 7 : 70 Next N

To do %+-}T+%... on a non-programmable calculator, just press the keys 1+2 + (1+2) x¥ 2 +
(1+2) x¥ 3 +(1+2) xX* 4 and stop whenever you want. If your calculator doesn't have an
exponent key (x* ) then use parentheses and multiplication, like 1+2 + (1+2) x(1+2) +
(1+2) x(1+2) x(1+2) and so on. If your calculator doesn't have parentheses, try to do the
above, but be careful how your calculator handles the division then multiplication. | would
check the calculator against pencil and paper for the first few, to see if they agree.

11. Assorted problems:
Is .999999... = 1? My students came in each day for a week, with arguments like:

| = 33333... and

!
% .66666... so
1
3

+ 1= % =1, and .33333... +.66666... =.99999... =1

and "My father says you need calculus!" To finish the story, one day the whole class,
spontaneously, made signs to put around their necks. They were going to march around
the school, half the signs saying .999... = 1, the other half of the signs saying .999... is not
equal to 1. That was a most exciting and unforgettable day; marching around the school
about a math problem! There is a sad ending to this story, however. The principal, upon
seeing this excitement, said we couldn't do this, it would upset the school!
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Change this infinite repeating decimal to a common fraction: 0.999...

We can write 0.999... using an infinite series like one of those above, then find a simple
fraction that is equal to it. What does this decimal mean? Using the place values we can
write

.9999... =.9+.09+.009 +.0009 + ...
=2 .2 o 2 _ ... Ifwe then factor the 9 out, we get

— + — + +
10 100 1000 10000

9-(L T S L +) “and then using exponents
10 100 1000 10000

{5 () &) + (& -

Now the infinite series above in the parentheses = T from above

So .999... = 9x%=1

The sequence of partial sums .9, .99, .999, ... goes to 1 also.
Change the following infinite repeating decimals to common fractions

a. 0.55555... = g

b. 0.343434... = % (the only difference here is that we get powers of Wlo)

34 34 34
— + + +
100 10000 1000000
1 1 1
— + +
100 10000 1000000

1 1V 1y 1)
0_3434___=34.[_+(_) NERNEN ]
100 100 100 100

1 34
100—1 " 99

0.3434...

0.3434...

+ ) , and then using exponents

0.3434...

34 x

c. 0.1027027... = 1926
9990

0.1027027... = 0.1 + 0.0027027027 ...
0.1027027...=0.1 + %x(0.027027027...)

0.1027027..= 0.1+ Lx27x [T‘OO +(10%)2 . (ﬁ)s . (ﬁf . ]

0.1027027...= 0.1 +sz7x( 1 )=o.1+ 1y 27x(L)
10 1000-1 10 999

0.1027027.. =01+ 2 = L 27 2% 2
9990 10 9990 9990 9990

0.1027027... = 1026
9990
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start —
A rubber ball is dropped from a
height of 6 feet above a

hardwood floor. When it hits the

floor it bounces back %X6 of

the previous height. What is the & L
total distance the ball travels?
When the ball drops, it travels 6
feet. When it bounces, it goes

,
] -~

Ehi
)

onjin

up 2 x6 feet. Then when it
5

5 ?

comes down again it comes
down the same distance as it ’ _ ’
e - & s _.a"'fr"' -

went up, %Xﬁ feet. When it

bounces again, it goes up -z—x % x6 feet. Then when it comes down again it comes down

the same distance as it went up, %X -2- X6 feet. So the total distance will be

6 + 2x§x6 + 2x§x§x6 + 2x§ % g x6 + ... which is an infinite series. What's

the next term? If we factor 2 x6 out of the 2nd term on, we get
3 (3 (3 (3!
6+ 2x6x [E (33 J

Since the infinite series 2 + @2 + (-53-)3+ @4+ ..goesto -2

Then 6 + 2 x6 x% =6 + 18 . The total distance the ball travels is 24 feet.

Leibnitz did this to find the sum of the reciprocals of the triangular numbers:

S=1+l+l+i+—1——+—+
3 6 10 15 21

He took % of both sides to get

le =l+l+_l.+i+_l_+L+_

2 2 6 12 20 30 42

Leibnitz noticed that %= 1-% and %= %-éand S0 on, so he wrote

—I—XS=(I——l)+(i~-l—)+(—l——l)+(l—lj +... and

2 2 2 3 3 4 4 5

1 _ 1 1 1 11 111 .

—XS=1--+ - - -+ —- —+ —- -+ — - soeverything after the 1 goes to zero
2 2 3 3 4 4 5 5

%XS= 1landS=2 . So1+ %+
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Often when one is trying to solve one problem, it is necessary to solve a different
problem. Angela, in trying to get % diagonally, realized the 24- square piece was too

. The 14- square piece was too small because < 16 =1

big because 2> 10 -1
64 64 4 64 64 4

Then Angela saw a pattern in the area of the
diagonal strips, and realized we couldn't get a 16-

square piece if we stayed on whole number of
squares.
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We used the following argument to see how far
over along the top of the square we would have to

cut diagonally to get % of the cake. We agreed that

the area of the black triangle is-jzof 64 or % of 32 or

16 squares. We let X be the distance from the

upper right corner and the length of the two equal
sides of the triangle.

The area of the triangle % X o X =16; % x* =16

So x? =32 and X =432 = 442 ~ 5.6 . So we

would have to go a distance of /32 or about 5.6 units
from the upper right hand corner of the square in

order to shade in % of the square.

The shaded portion of the square at the right, if you
keep going forever, is:

dxg* dxgxs thxoxrxr t dxpx
... (because there are 4 of each piece, the largest piece
is % of the whole square, and each smaller piece is % of
the previous one--why?)

(1Y () ! _
(3 ) -

= % The shaded portion at the

I
N
x

| —
+
N
b3

|,._‘

4
=§+ —x — = +

L
83 2 6

right, if you keep going forever, is% of the whole square.

Intuitively, it looks like this shaded portion at the
left will be % of the square; let's do it:

The largest piece is é of the whole square, as

before, and the next smaller piece is% of the

previous piece (why?). So we have

(S )t

. So you were right if you said % at the start.

1l

2
8
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Questions worksheets for chapter 2
"Brad's: Share 6 cookies with 7 people"

Major suggestion: Use 3x5 cards for the cookies and scissors to cut them. Don't use
round cookies or pies, because the size of the pieces gets impossible to determine. You
have to have an easy way to answer the question "How many of these pieces make a
whole cookie?" Try to find patterns in all your work.

1. Try this: You have 5 cookies to share
between 3 people (including yourself).

If we each are to get the same amount,
how many cookies will we each get?
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Now try sharing 5 cookies between 3 people another way. See how many ways you can
do it! Compare your method with your friend's and the two ways shown below.
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Tara's way of sharing 5 cookies between

3 people : 1 1
2 2

Tara, age 5, shared 1 cookie with each 1 1

person. Then she cut the 2 leftover 2 2

cookies into 2 equal pieces each.

She shared % of a cookie with each person. Each person then then had 1 + % of a

cookie, with % of a cookie left over.

ba]—
| R3] —
=

I PJ|—

Then Tara cut the left-over % of a cookie into 3 pieces. She named these new pieces.

Since 3 of them make a % cookie, 6 make a whole cookie, so each piece is % of a

cookie.

(SIE
b=
(ST

hf—
th|—
o]~

Now each person gets one of these —é— 's and all the cookies are shared equally.



Ch. 2 page Q38 Calculus By and For Young People -- Worksheets

1
2
1

person 1 person 2 petsan 3

I — ’

h| —=

ba]—
(o=

So each person gets 1 + % + % of a cookie using Tara's method.

Tara, at one point said: "If | had a cookie and | split it into pieces sometimes people think
it's more than one cookie, but it really isn't more than one cookie. It is math".
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2. Brad's way of sharing 5 cookies between 3 people. This is very exciting because it
leads to an infinite series! Brad had just finished 2nd grade when he did a cookie-sharing
problem like this.

Brad's method works this way, pretend your scissors can only cut into 2 equal pieces.
Share the cookies when you can, then you must cut all leftover pieces into 2 equal pieces.
Here we go, same problem--share 5 cookies between 3 people.

Can we share these 5 cookies with 3 people? Yes.

Each person gets 1 cookie, and there are 2 cookies leftover. Can we share the 2 leftover
pieces with 3 people? No.

What do we have to do?
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Ch. 2 page Q40

Cut each leftover piece into 2 equal pieces.

How many of each of these new pieces make a whole cookie? 2, so each is 5 of a

cookie.

b=
Py —

|-
pa|—

Can we share four % 's with three people?
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Sure. Each person gets % (one-half, or better, one-twoth) of a cookie.

' = l
’ )=
| rIf—
l k3| — ~

So far each person now has 1 + % of a cookie and we have one leftover % We aren't

finished yet because we haven't used up all the cookies.

Can we share this % with three people? No. We then cut it into 2

equal pieces (notice that we can't cut it into 3 pieces as Tara did
above because of the special scissors).

R =

We'll name these new pieces first. How many make a whole cookie?
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Ch. 2 page Q42

Well 2 of them make -;— of a cookie, and 4 make a whole cookie. So each of these 2 new

pieces is i— of a cookie.
Do we have enough of these % 's to share with 3 people?

1
"y
Since we have only 2 pieces, we don't have enough % 's to share

with 3 people. So each person gets %

L

So far each person has 1 + L+ % of a cookie. Notice, if we can't share one size piece,

we write zero of them anyway. This will help us find a pattern.

What do we have to do now?
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We have to cut each % into 2 equal pieces.

We'll name these new smallest pieces.

How many make a whole cookie?

Well 4 of them make% of a cookie, and 8 make a

|:Ol—=-

whole cookie. So each of these 4 new pieces is %

of a cookie.

Can we share these four % 's with 3 people? Sure. Each person gets one of these EIE 's

and there is one of the %'s leftover..

Now what does each person have?
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k|
ha]—
k3| =

»
»
f’f.
e

00 | —— ]
B P
o0 |— — -
NN P’
00]— —
Llo 7
o=

1

So far each person has 1 + S + % + % of a cookie, with % of a cookie leftover.

Look at what each person has so far, look at this sum. Can you predict, without much work,
what the next 4 terms will be? Look for a pattern in the tops of the fractions, look for a

pattern in the bottoms.
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Since there is only one -;- cutting it into 2 equal parts, each Ilg there will not be enough

i%'s to share, so each person will get Iog Cutting the two 1l6's, gives four 515'3, which can

be shared, and so on. The tops go 1, 0, 1, 0, and continue that way. The bottoms double
each time-- 2, 4, 8, 16, 32, 64, 128, 256, and so on.

So, if we do this forever, each person will get

+ 00 9 4 cookies!

1+ L+ !
§ 16 32 64 128

+

N

L
2

(A lot of crumbs, right?). The 3 dots means the series or sum goes on forever and the sum
is called an infinite series.
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Sharing 5 cookies between 3 people is the same as saying 5 divided by 3, written as 375' or

5+3 or
§=1+l+_1_=1+3=1+
3 2 6 3

might have found.

L+ 24 1+ . =other names you
32 64 128

+ 2 4

o

1 Ly oy
2 8 16

Use your calculator to do 5+3.

Write your answer down -- it will be a decimal.

Now on your calculator do 1+ 1+2 + 0+4 + 1+8 + 0+16 + 1+32 + 0+64 + 1+128 +..., going at
least to 1+2048 to see if the sum is going to 5+3.

1 0 1 o
1,0, ., 0 1, + —— as adecimal is

1+ = + Oyl 0y —
4 16 32 64 128 256 51 1024 2048

!
8

N | —
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You make up some cookie-sharing problems now, using the cut-only-into-2-pieces
scissors.

Make up some cookie-sharing problems for a friend and have them make some for you.
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When we shared 5 cookies with 3 people, two ways of writing the answer were:

1+2=1+ +0 4 +~O_+L+£+_l_+m
4 16 32 64 128

OO[»—-

il
2

(SRR ]

Since there is a 1on each side, the —i— must equal the infinite series that's left

+£+_1_+ +L+___
16

_2_ = +2 +l _9_
3 4 8 32 64 128

1
2

In chapter 1 we found that % = —i— + (3)2 + (3)3+ (3J4+

How about that!
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The following questions assume the cutting scissors are cut-only-into-2-equal- pieces
scissors; in other words, we are only using halves (twoths), quarters (fourths), eighths and
SO on.

S
32

Now if 2 =
3 64 128

+ + + ...

Ao

L LI
2 8 16

N

what would the infinite series be for % ? (Clue: how is é— related to % ?)

Look for patterns, what do you see in the -;; 's?
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What would the infinite series be for % ( share 1 cookie with 5 people using the special 2-

equal-cut scissors)? =7 2? 27?7 27

v |
w | w
[GREEN
wn|w,

W | —

[N

(VR R

w | &

What patterns do you see in the infinite series for the fifths?

Make up some questions about these infinite series. Like, what happens if we add two
infinite series. What would you get if you added the infinite series for é and the infinite

series for % ? Write the answer as an infinite series.
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3. Write infinite series as a bimal
In writing the infinite series | find it easier after a while, to write the series as a bimal. A

bimal is analogous to a decimal--in a decimal the places are powers of ten, here they are
powers of two.

Sofor2 = 1+0 4140, 1 4 94 wecould also write this as a bimal
3 2 4 8 16 32 64
§: 101010

See if you can write bimals for the infinite series in fifths you found above.

1
5

2=
5

What would the infinite series (& bimal) be for —;— ? % ? Is there a patterns for the —;- 's ?

Do lots of problems like these. Make up some for your friends. Get them to make some for
you. Share your discoveries.

4. Write a program on a calculator or computer which when you put in the top and
bottom of a fraction, the machine will give the 0's and 1's in the infinite series or bimal.
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5. Other special scissors
What if you did the original problem-- share 5 cookies between 3 people, but this time your
special scissors cut only into ten pieces...What would you end up with as an answer?

What if you did the original problem-- share 5 cookies between 3 people, but this time your
special scissors cut only into five pieces...What would you end up with as an answer?

Make up new problems like these. See what you find out.

6. Find the simple fraction equal to an infinite series.
Here's another thing I've been working on. Let's go backwards. Suppose | give you the
infinite series
Ty L0 Ly Ly 94 | oritsbimal, .110110..., find the simple fraction equal
2 4 8 16 32 64

to this infinite series.

If I'm dealing with infinite repeating decimals, | know that

A= L o' and 4444 =2 _ 4
9 10-1 9 10-1

010101...= - = L and 212121..= 2 - 2L gnd .1x.123 =.0123 and so on.
99~ 100-1 99 1001

Lots of patterns.

Similar patterns exist for bimals.

To change .110110... to a simple fraction, | get the repeating group, .110, or

% + % + % I change these to eighths and add them, % + % + % = -g— , then | take the

same top number, 6, and the bottom number less 1, and the answer is
6

5 _ %= 110110...
8—1 7

Here are a couple of others to try:
a) 0.100100... = b) 0.1001110011...= c) 0.100100... =
You make up some problems like these for someone else.

Have a friend make some for you.

Explore !!' send me your discoveries.
Try multiplying the infinite series for, say % x % what infinite series do you get. This is

something I've just started working on!
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Answer worksheets for chapter 2
"Brad's: Share 6 cookies with 7 people"

1. Other ways to share 5 cookies
between 3 people

Cut each original piece into 3 pieces, each
piece being % of a cookie.

wl_; -‘.\.-I—- w|—~

L
3
L
L
3

[ |_.. o |_... o~ ]__.
(_._jl..... r_._'-l_. q_,_‘.’_..

Then each of the 3 people gets % of a cookie, or

[SSERW
wlw

+%=1+%=1%. Make sure

you can write these fractions different ways like this. Notice that 3 x % =

= .‘33 =5, the number of cookies we had to start with.

+ +

w v
[SSERV
w | w

1 L L i 1 i
3 3 3 EY 3 £}
1 1
. 1 — i 1 i
& 3 3 3 3 3
L | Person 1 1 L 3
3 erson £l Persoh 2 3 Fersoh 3

Julie's way to share 5 cookies between
3 people:

Each person gets 1 cookie.
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Julie took one of the left-over cookies and cut it into 3 pieces, each piece being % of a

cookie. She shared these pieces with each person.
1 1

3 3

wa I_..

So each person now had 1 + % of a cookie, with one left over.

She then cut the left-over cookie into 4 pieces, % 's, and shared 3 of these pieces, one

for each person.

r...';|—-

L
3

[ 4] L« ] | |

[

The remaining % she cut

into 3 equal pieces. ry
Since 12 of these make a

whole cookie, each is 1—12— E}j

of a cookie and she &\ ;

shared these equally with
each person.

PHE
F B o

1
person 1 2 person 2 2 person 3 iz

So each person gets 1 + % + =+ % of a cookie.

1
4
So there are many ways to share 5 cookies between 3 people.

Here are some other problems young people have done:

Marie (age 7) saw a pattern when she shared different numbers of cookies between 3
people:

Share 5 ¢, 3 p -- each person gets 1% = % cookies
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Share 4 ¢, 3 p -- each person gets 1% = % cookies
Share 3 ¢, 3 p -- each person gets 1 = % cookie

Share 7 ¢, 3 p -- each person gets 2% = % cookies

Share 100 ¢, 3 p each person gets 33—;- = -1% cookies, then she generalized

Share n cookies, 3 p each person gets % cookies!

Share 5 cookies, 4 people, by Robin
-- a very interesting sequence. ) T 20
Robin, age 7, shared 1 cookie with each
person, then cut the remaining one this
way:

|-
o=
uf=
|-

Each person received 1 + % + 516 of a
cookie.

The next week she did the same problem,

but cut the remaining cookie this way: So each person got 1+ + + Zof a cookie !
6 24

The first way was 1 + -;- + 516 Can you

o] =

predict what she'll do next? | could not

l
] —

e predict what Robin would do next, but |
* see a pattern in what she has done so far
s ?*_ and from that | can predict a next one.
24 Can you?
2. Brad's way
e . 1,2 _1,0 1,0 1 0 1
What would the infinite seriesbefor-? == -+ - + -+ — + — + —+ — + |
3°3 2 4 8 16 32 64 128
Since % is % of -i- we could take % of each term in the series for %:
22140 +l+_0_+i+_o_+__1_+__,(sincelofl:landlofl::_I_andsoon)
32 4 8 16 32 64 128 2 2 4 2 8 16
Tof2 Ll L0 Ly 10y g0l 00, 10,0, 0,
2 3 2 2 2 4 2 8 2 16 3 2 4 8 16 32 64 128

Or we could have started with the problem "Share 1 cookie with 3 people" and using the
special scissors, arrived at this same answer. Notice in the infinite series for —;- the tops of
the fractions are 0, 1, 0, 1, ... and in the bottoms 2, 4, 8, 16, 32, ... doubling each time,
these numbers are powers of 2. 2=2"' 4=2% 8=2% 16=2%,32= 2%, and so on.
What would the infinite series be for % ( share 1 cookie with 5 people and use the
special scissors)?

Cut the 1 cookie into 2 equal pieces. 2 pieces are not enough to share with 5 people. So
each person gets % Cut the 2 pieces each into 2 equal pieces, getting 4 pieces,
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each i—. Can you share 4 pieces with 5 people? No. So each person gets ;01-. Cut each of
the 4 pieces into 2 equal pieces, getting 8 pieces, each % We can share 8 pieces with 5

people. Each person gets % of a cookie, with 3 of the eighths left over. So far each person

0

has g ot é- of a cookie, with 3 of the eighths left over. Cut each of these 3 pieces into

two equal pieces, getting 6 pieces, each -1% We can share 6 pieces with 5 people. Each

person gets —l%of a cookie, with 1 of the sixteenths left over. So far each person has g + %

+ % + 715 of a cookie, with 1 of the sixteenths left over. Since we have 1 piece left, that's like

starting from the beginning when we had 1 cookie. Now, however, when we cut , we'll have
;—z's , then 6—‘4'3 , then %'s and 2—25'3 and so on, but the pattern 0, 0, 1, 1 will be the same.

+ L 00

So if we share 1 cookie with 5 people each person will get 0,0, 1
2 4 8 16 32 64

T%§+ ﬁ+ ... of a cookie. If we used the regular scissors, we could cut the cookie into 5

equal pieces and each person would get é of a cookie.

So l=0,0,1,1,0,0, 14 1, Theinfinite series for
5 2 4 8 16 32 64 128 256
220,10, 10,0, 0, 1, 14 %, Thiscan be written as the bimal
5 2 4 8 16 32 64 128 256

.011001100110... or 0110, with the part under the line repeating forever.
i:l+ 9+ 9+_1_+L+_9_+__9_+__]__+m:_1()()];i:i+l+9+h9.+i._+_l~+..9__+__o__+
5 2 4 8 16 32 64 128 256 5 2 4 8 16 32 64 128 256
=Jioo;and 2=t Ll Lo Lo Ly Ly Uy Uy o T1171 =1

5 2 4 8 16 32 64 128 256
What would the infinite series (& bimal) be for-;-? %? Is there a patterns for the %'s ?

0 0 1 rveel 1 0 0 T

i=g+9+l+—+——+—+...=.01 i=l+9+9+——+——+——+...=.100
7 2 4 &8 16 32 64 7 2 4 8 16 32 o4
_2.= 9+l+9+_9_+__1_+£+._= 010 2: l+2+l+i+_0_+_l__+m::_11
7 2 4 & 16 32 64 7 2 4 8 16 32 64
2: 2+l+l +£.+ _l_-}- i+.__: 011 g: l+l+9+ i+ _1_+ £+“_: 11
7 2 4 8 16 32 64 7 2 4 & 16 32 64

4. A program to change any fraction % to its bimal; it gives a decimal whole number

first if T>B, then the 0's and 1's for the numerators of the terms of the binary series:
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FX7000G Basic
?2->Ta 10 c=0
?7->B a 20 INPUT t
INT(T +B) a 30 INPUT b

T-B*INT(T +B) -> N:
Lbl 5:

40 PRINT INT (/b);
50 n=t- b*INT(t/b)

N*2->N: 60 n=n*2

N > B => Goto 7: 70 c=c+1

N <B => Goto 9: 80 IF ¢c>10 THEN STOP

Lbl 7: 90 IF n>b THEN GOTO 110
1->X a 100 IF n<=b THEN GOTO 150
N-B ->N: 110 x=1

Goto 5: 120 PRINT x;

Lbl 9: 130 n=n-b

0->X A 140 GOTO 60

Goto 5 150 x=0

N.B. This type of program can be used 160 PRINT x;
with any new programmable calculator. 170 GOTO 60
180 END

5. Using the special scissors that cut into 10-equal pieces: Share 5 cookies with 3
people, but this time your special scissors cut only into ten equal pieces...Each person gets
1 whole cookie, with 2 leftover.

Then cut the 2 leftovers cookies, each into ten equal pieces, called %'s . There are 20 of

these s.
10

——

Each of the 3 people can get 6 tenths, with 2 tenths left over. So at this point each
person has
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1+% of a cookie. The 2 tenths are then cut into ten pieces each. These 20 smaller pieces

are each llof%= ﬁ of a cookie. These again can be shared, each person getting 6, with

2 of these hundredths left over.

So each person gets
1 +%+—1(6)—0 and this pattern keeps

going forever. Each person gets
1484 0, 0, 0 0  gras
10 100 1000 10000 100000

a decimal, 1.6666...

[NE NN RN [ i} 11 m

Notice, now we have different names for —i- using different, but equal infinite series !

226,06, 6, 6 6  =-66666.(adecimal) = L+2 +L, 0 1, 0,
3 10 100 1000 10000 100000 2 4 8 16 32 64
1+ .. =.1010...(a bimal)

128

Using the special scissors that cut into 5-equal pieces: Share 5 cookies with 3
people, but this time your special scissors cut only into five equal pieces...Each person
gets 1 whole cookie, with 2 leftover.

We cut each whole cookie into 5 pieces,
each % We now have 10 of these which

we can share with 3 people.

Each person can get 3 of the é 's, with é

—y

left over. At this point each person has
1+ -i— of a cookie.

i
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We then cut the é into 5 equal pieces, each 515 of

a cookie. There are 5 of these 5%'3, which can be
2—25 shared with 3 people.
J' Each person now has 1 + 2 +_L of a cookie with
M 5 25
0 0 0 215 left over.

We cut each 515 of a cookie into 5 pieces, each 1—;§ We now

have 10 of these, which we can share between 3 people,
with -1—;:5 left over.

=
At this point each person has i
] +T% of a cookie. e 0O [s

1+ 32 +1L
525

Notice a pattern emerges, we can predict the infinite series; each person gets

1+3+1L 43 4+ 1 4+ ofa cookie. Now we have another name for 2 an using infinite
5 25 125 625
3

series !
26,6, 6, 6 6 = .66666...(a decimal) = Iy, 0 1,0,
3 10 100 1000 10000 100000 2 4 8 16 32 64
LI
128
=.1010...(abimal)= 2 +L + 3 + 1 + = 3131,... (as a pentamal?)

5 25 125 625

6. Change the following infinite bimals to simple fractions:

a) 0.10011001...=.1001..= L +2+ 0, 1L, -2 _ 2 - 7001
2 4 8 16 16—-1 15

b) 0.1001110011... = .10011... = +§+§_+L+L...=

1
2
I

16 32
o, 0.2, 1, =Y _ Y- 41001110011...
32 32 32 32 32 32-1 31
c) 0.100100... =1L +2, 0 =24 0 0 4 _24_ 95
2 4 8 8 8 8 8—1 7
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Let's multiply % x —;— by multiplying the infinite series for each:

10,0, 11,0 ,0, 1, and

52 47 % 16 32 64 128

120y L0, 01y 0, we'lluse the distributive property, multiplying each
32 4 8 16 32 64 128

term in the infinite series for % by each term in the infinite series for é

Here we go!

Line1:9—x(2+ 0,1 +L+_9_+_0_+_l_+m) +
2 2 4 8 16 32 64 128
Linez:—l—x —0—+ —9+ l +i+i+£+_1_+._')+
4 2 4 8 16 32 64 128
Line3: 2 (2 + 2+l+i+_0_+_0_+L+m)+
8 2 4 8 16 32 64 128
Line4:—1—x(9+ p_+ _1_+_1_+£+_0_+_1_ )+
16 2 4 8 16 32 64 128
LlneS—Q—x(g"' 2‘|' —1- +i+£+_0_+_1_+“.)+
32 2 4 8 16 32 64 128
Line6:—1—x(9+ Oy l+_1_+i+_o_+_l_+“_)+.__
64 2 4 8 16 32 64 128

Looking at the second line, the first term that is not zero is % x é— =% and we get
Line 2: —1— + L + —1—- + ! + __L_ + 1 +
32 64 512 1024 8192 16384
I 1 1
: . —_—+ — _ —_
Line 4: 128 256 2048 | 409
. _1_ + ___1 -+ -—-———1 + 1 +
Line &: 512 1024 8192 16384
L' . ——-1 + —‘-‘—~1 +
ine 8: 2048 4096
Line 10: o
ine 10: 8192 ' 16384
1 1 1 1 2 2 2 2 3 3 3 <-these

are the number of each of the fractions above. | looked at the results above and wondered
how to proceed....

About a month later | tackled the problem again. | knew that multiplying %X‘;‘ the answer

should be 1—15 which from the program to change the fractions to bimals, | also knew that

T‘g =.0001000100010001...
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What | had above was
2+2+9+£+_1_+m1_+_1~.+_1_+_2._+ 2 + 2 + 2 ... or
2 4 8 16 32 64 128 256 512 1024 2048 4096

.00001111222233334444... assuming the pattern would continue. Could | show these are
the same”? Now the hard work. These are powers of 2, and 51% = ﬁ or 2 of one digit in
the bimal equals 1 of the things to its left. After a couple of false starts, | organized my
numbers and changed .00001111222233334444... to .0001000100010001... out to 16

places! | started with 512ths.

o leReXeR=Rek=R=ReR=ReReReReRoRoRo R
D000
e leR=R=Rek=R=ReReR=R=ReReR=Re e R=Ra)
SN N NN NN e R = R
OCOO0OO0O0O0O0CO0O0O0OO0O0OOO = =
e leReR=ReReR=ReReReReRe Ko ol o Rt QUGN
OCOO0OO0O0O0O0OOO0OOOOON =
A A A A AN A A 00000 ON
0000000000 A=A aa00ON
OO0 -A=aaO0ONNN
COO0O0O0O0O0OOO==ONNNNN
AN A A A N0 000 _CONNNNNN
COO0O0O0O 22O AWWWN WWW
COOOOO A0 2WWWWW W W W
COOO0OOAO2WWWWWWWW W
L0000 22 WWMWWwWwwww w
[ YNNI W< S N U N N N N N N NG N
[ Y GNEGEN c  N NU NU NU NU NO  N NG N NT N
[ RPN o I N N N N N NN N N N N N
= I o I I N N N NG N N N NG N N N NG NG
O =2 NI TN O O1TO1OYO1 01O
= LT T OTCTOTOTOC1TOTOYTO1OYO1T O O O O
SCOTOO T TAIUI G GO1T AT O G101 O
AOT O T O T O OT T OO Or1OYOo1 O1 Oy 01 On

Whew! That took a lot of mistakes, a lot of careful organization and time. | quit after | was
able to prove to myself that the first 16 places agreed with the bimal for 31—5— = .00010001...

Try one of these yourself, probably not more than one though! It takes time and
perseverance.
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Question worksheets for chapter 3
"lan's Proof: Infinity = -1 "

When lan was 11, he came back to town from winter vacation with the following problem he
found in The Mathematics Calendar (see bibliography). He had solved it of course, and
very elegantly; you try it:

Solve for x : Jx+\/x+‘{x+,/x+... =3
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Using what you found in chapter 1 and 2, can you write as a fraction the sum of this infinite
series :

1l
-~

1+ra'+a®+a®+a*+a’+ ..
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When you get your answer for this infinite series, put a = 2. What happens on the left side
and on the right side of this equation?

1+a'+a?+a*+a*+a®+ .=

The really big mathematicians like Gauss, Newton and Leibnitz, who invented the calculus,
made a lot of mistakes with these infinite series. They were confused as you and | are
about them. Don't worry about making mistakes.
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Answer worksheets to parallel chapter 3
"lan's Proof: Infinity = -1 "

Solve for ¥

larargued, whal's under the biggest square root is 9, because ’.;’9 5 3.

He sebwhalt's under the biggest radical then, equalto 9

~

I
o

VeV e Ve

'."'

A

bk this ruch is the original proklem ()
and equals 3

So o ®+3 =9

and | ¥ =6 the answer.
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lan found the sum of this infinite series like this:

1+a'+a’+a’+a*+a*+ ...
lan called this C
1+a'+a*+a’+a*+a’+..=C
He factored an a out of all the terms after the first

l

?

T+all+a+a+at+aleads =0
N s

¥
this is C

SO 1+a(C)=C now solve for C;
subtract C and add -1

aC- C= -1 factor out C

C(a-1) = -1 divide by a-1

multiplying top and
bottom by -1
So 1+a'+a’+a’+a*+a’+..= T-l—a

lan then put 2 in for a
1+2'4+ 2242842044 2% = _I

1-2

1+2 + 4+ 8 + 16 + 32 + .= $=_1

Since the leftside 1+2+4+ 8 + 16 + 32 + ... goes to infinity,

he concluded that « = 1
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What's wrong with lan's argument? Nothing, except the infinite series
1+a'+a’+a’+a*+a’+ ..
converges only for certain numbers. If we put 1 -> a, the fraction on the right T—lg

blows up, there is no answer, because we get % and we're dividing by zero.

It turns out that the series converges when |a| < 1, like % and ; which are numbers we

have been using in chapters 1 and 2.

We must accept the fact that Euler, Newton, Leibnitz and other great mathematicians made
many mistakes in working with infinite series. So it's OK if you make mistakes!

Another way, not as elegant , to get this sum 1+a'+ a*+a’+a*+a°+ ...
From chapter 1 we'll start with:

§+(§j2+ (§j3+(_§)4+ o= B—f\x Now divide both sides by g
4 (8 () - a8
N

1 by dividing top and bottom by B

Then let 5= @ and we get

—

——, which is what lan had.

1+a'+a’+a+a*+a’+ ...
1-a
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Question worksheets for chapter 4
"The Snowflake Curve - its Area and Perimeter "

Some very interesting and surprising things happen here.

Make three copies of the blank triangular graph paper in appendix 4. To build the
snowflake curve start with an equilateral triangle (27 units along on each side). The
succeeding figures are made by dividing each side of the figure into 3 equal parts, then
adding a triangular piece of the same shape (smaller however), on each of the center
sections of every side. Make all four snowflake pictures; the first three are shown below.

There are two problems to solve, to find the area and perimeter of each figure compared
to the original triangle, then tell what happens to the area and perimeter if this process
goes on forever. If you write an expression for the area and perimeter, at least partly in the
A (A (A (A e .
form ~B—+(§j + [E) + (E) + ..., then you can use what you know about these infinite series

from chapter 1, to tell if the series converges or diverges and find the limit if it converges. |
would start with the area first. | recommend calling the area of the first figure 1.

Snowflake curve #1

VAVAVAVAVAVAY \/\; AVAYAY, \ AWV 7\’7‘ N /‘/\W’\'.",V/\ PAVAVAVAVAVYANG
FAVAVAVAVAVAVAVAVAVAV. VA NVAVAVAVAV: 7
NN N SANNNNN \ VAV
YAVAVAVAV \ AVAY
/ AVAVANAN I\ A \ / :
7 / A\ / \ VAW 7 7
N/ \[\/ \/
VAVAVAVAVAVAN /
\AVAVAVAVAVAVAN
\VAVAVAVAVAVAVAV N
\ \V4 AVAVAN \
INONINININ/ AVAY
TAVAVAVA AVAY \
NINININ VAV '
YV FAVAY /
Y VAVAY /

/ /
/ AVAVAVAY,
YAVAVAVAVAVAV
/ NNNN/
/\/
AVAVAY
/ / /
7\ \ N\ SN/ /
I VAVA N\ \ / \/ N\
v \/ \ / /
N/ \/ /N / N\ \/
VAN N
VNN NN NN
AN \, \/ N/ AN \ / .
NN NNINININONIN NN / A

The area of this first snowflake A1 =1
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Snowflake curve #2
AV AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA
RIS IAAIHRFAA AL ANRAAKAANANK
AVAVAY, VAVAVAVAVAVAN
AVAVAVAVAY NN/ AVAVAVA
@a’...ﬁw / V\ \/
//\ VAVAVAVA VAVAN S
N\ / ) AVAVA
NANNN N / NINININNIN/N/N
ININININ/N
AVAVAVAY \VAVA
VAVAY NN/
\VAVAVAVA \VAVAY,
AVAY / AVAY
INNEN/ NANNNN
AVAY. NN/ N/ NN\
ININININ/N/ / \ / AVAVAVAVAY
NN/ \AVAVAVA
o/ QKRR
AVA NN
INININ/NN/NN/ / \VAVAVA
AVAVA \AVAVA
VA y AN
/ N \VAVAVAVAVAVAVAVAV AV/
VAVAVAV, ava
/ AVAVAV \VAVAVA
NN NN NINNIN/
/N NN NNN
ANNNSNNNN
ANNNNNN N/
/\/\/&/\\ O

What do you get for A, ?
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The area of this second snowflake then is A, =1 + = because the area of the small
triangles are each % of the original one and there are 3 of these added on to the original.

Notice we're not writing this as one number, like 1 l. This is important. We want an answer

which will help us find a pattern, then generalize, and it's better left as a sum so we can find
an infinite series. If you didn't use 1 for the area of the first snowflake, your answer will just
be a multiple of this answer.

Snowflake curve #3

/ 3'/‘/ \ 7 \/>/\ /\ \/ ’\ '\/’\ ’\/ / /\/\ v /\ A\ /<><
; y, FAVAN AV
**?T\/ AP HAA SN
VA PAVAVAVATAYAVAY (VA VAVAVAVAYAVAY: VAVAVAY;
/ N\ / / A /|
ng/"x\L \/\1\/ /?>L< /\,szX_ AVAVAVAVAVA
VAVAVAVAVAVAVAVAVAVAVAVAVAYAV
NAVAVAVAVAYA VAVAVAVAVAYY KIKARKHKKIKIK
\VAVAVAYAVA AVAVAVAVAVAVAVAY AVAVAVAVAVA
X% YAYAVAVAVAVAY AV TAVAVAVAVAVAY AVAVAVAN
YAY AV / AV
AVAVAY, X7 NG
\VAYA /
) N 7 XHRAASAPAR)
N/ AN VAV
TAVAVAVAVAY AVAY;
e AVAVAVAVA
oo JAVAVAY / / AVAVAVA \/\
AVAY/ AVAVAVAVAY A
AV AVAVAVAVA
AVAVAVAVA / IVAVAN
AVAVAVAVAVAVAVAVAVAY: VAVAVAVAVAVAY AVAN
NN TN
/ /
YAV AVAVAVAVAVAVAVAVA
VoY AVAVAVAVAVAVAVAV
\VAVAVAVAV/
AVAVAN AVAYAY/
VAVAVAVAVAVAY AVi
5 NAVAVAVAVAVATAVAVAY]

What do you get for the area of #3 snowflake?
A3 =

Make the picture and find the area for snowflake #4 (picture in appendix #4).

A4=
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Ag=1+ 32+ 12
81
48

9
A4=1+}_+1_2.+__
9 81 729

Since this goes on forever, find a pattern for the area of the snowflake in this infinite series
and find its limit if it converges:

1+ 3 412,48

9 81 729

+ ..

Now find the perimeter of the snowflake curve using the figures above to do it.

The same argument holds here as in the area, you probably want to call the first perimeter
1.

P1 =1

P4 =
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So for the perimeter we get the infinite series

Now see if you can write this in such a way as to include an infinite series like we had in
chapter 1.

P =

Does the infinite series converge or diverge? What is its limit if it converges?
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The second curve, called a Sierpinski curve, is sometimes called a space-filling curve.
The same game applies here as for the snowflake curve, find the perimeter and area of
each compared to the outside square and see what happens if you continue this forever.

Copy the 7}" graph paper in appendix 4 to make the four figures.

Sierpinski curve #1

The area of the outside square is 1 (32x32=1024 squares). The area within the first

Sierpinski curve is A1 =
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The area of the first Sierpinski curve is A4 = 22 1L 112 343
64 32 23 8
The perimeter of the outside square we'll call 1 (128 lengths of sides of the small squares).
The perimeter of the first Sierpinski curve is

32 +48\/E
P1 = v
128

The length of the diagonal of the smallest square is ?/_fé .

Sierpinski curvé #2

Sierpinski Az = Sierpinski Py =
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Sierpinski curve #3

Sierpinski A3 = Sierpinski P; =
Make the fourth Sierpinski curve. Look carefully at the first three. The 4th Sierpinski curve
is in appendix #4 if you need help.

Sierpinski As = Sierpinski P4 =

Write a series for the area and the perimeter. What happens to each? Do they each
converge? If so, to what.

Look up fractals, fractal geometry and chaos theory. Try to find out how these are related to
the snowflake and Sierpinski curves. Look up Mandelbrot's book and Gleick's book from
the bibliography. Also check out chapter 8 on iteration.



Calculus By and For Young People -- Worksheets Ch. 4 page A79

Answer worksheets for Chapter 4
"The Snowflake Curve - its Area and Perimeter "

The area of the snowflake curve:

Ai=1 A3:1+§+2
9 81

3
9 Ag=1+3+ 12498 o
81 729

Looking at these another way, after the first one, there are 4 times as many smaller
triangles and the area of each smaller triangle is% the area of the previous triangle, so the

new added area is g- of the previous added area.

1
A=1+3x%+4x3x-§x%+4x4x3xlxlx%+... =
9 9
A=1+ 3x1 + 3x_1_xi+ 4x3x_1_x_1_x~4—+.
9 9 9 9 9 9

after the first term, to get the same number of factors of 4 on top as 9's on the bottom, we'll
multiply by 4 and divide by 4 so as not to change the value of the numbers. We get

A:1+ixi+ .3_)(1‘.)(.4__ +.§_xixixi+
4 9 4 9 9 4 9 9 9

factoring out % and writing the terms with exponents

1 2 3
A=1+zx(4_+3_2+4_+...]

In the parentheses is the infinite series
L 4 4 .
T EtE , from chapter 1, goes to s i~ % and we can write the area of the

snowflake curve as

% . So the area of the snowflake converges to -2— =12 ofthe

a|w

original triangle.

Now let's find the perimeter of the snowflake:
P1 =1

P,=1 +% because each side of the new figure is % of % or % of the original perimeter and

since there are 12 of these, the perimeter of the second snowflake is % = 1+%; leave this

as ninths or thirds?...I don't know yet. Let's see what happens next.
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Ps=1+2+2=1+14+2 Eachof the smallest sides is L of Lofl or -1 of the original
9 9 39 333 27

perimeter and since there are 48 of these, the perimeter of the third snowflake is 48 = -5—;-

27
:Z:1+l+£_1+l+_4__
9 27 309
=12 =1+ L+ 3 4+ B The smallest side of figure 4 is Lofloflofl or L of the
81 39 8l 3733 3 81

original perimeter and there are 192 of these.

This will go on forever. Now lets write it so we can see a pattern in this, what is now an
infinite series.

48 4 3x16

P=1+Ll+2 4¢84 —qslydy + .
3 9 3l 332 34
2
P=1+ 1+—4—+—4—1——+...
3 32 3

To make the exponents in the top and bottom of the fractions the same, we'll multiply by 4
inside the parentheses and dividing by 4 outside the parentheses. Then we get

2 3
P=t+ Lald o b
4 3 3 3

In the parentheses we now have an infinite series that looks like one in chapter 1, and one
in which A>B, or %>1 so the series goes to infinity.

So the perimeter involves a series which is divergent.

Here is this snowflake curve, the area forms a convergent series and goes to 1 —g— while its

perimeter forms a divergent series and goes to infinity. Very interesting!

The Sierpinski curve (the 4th Sierpinski curve is in appendix #4)

4= % = % = —;—;- =.34375 Again, how should we write this? We'll write it different

ways, then look at the next one to see if there is a pattern.

A= 208 _ 11, 7 = 3984.
1024 25 o7

Ag=222 11T T = 412109...
1024 2% 27 29

_ 4255 117 7 7 -
As= Proypier i S T 415527344...)

| assumed this pattern would go on forever; then found the limit of this infinite series.

A= ;—; + l7 + 575 + Z—ZT + ... from the second term on | factored out 7 and factored the
2

inside terms, with a common factor of i7
2
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R 1 1 1 1 1 1
A"' — + 7X(2—7X'2—0 + 2—7X? + 2—7X?‘ +j

| then factored out 2i7

A= N+ T ( SR E B j and rather than work with even powers of 2, |

saw powers of 4 inside the parentheses
A=+ T, (1 + l1 L ) notice now there is an infinite series like

we've done before i1 + Jé- " —% + .. which
4 4 4

1
-1
11 7 1 11 7 4 11 7 40 5
= _— + — = e+t X = = — — = =
A 25 27X(1+3j 5 7 3 - 32 9% " 9% 12

goesto — = % from chapter 1. So we get

So the area within this Sierpinski curve approaches % of the original square.

There's nothing like some hard work to get results and satisfaction!

We'll now look at the perimeter of this Sierpinski curve, using the perimeter of the
outside square as 1; | made many mistakes in doing these, mainly because | figured the
perimeter was 1024, the area, instead of 128 = 4x 32:
p, =32+ 4842 p, 80+ 882 p, = 168+ 17242 p,= 340+ 34242

128 128 128 128
Dan, one of my editors, found a recursive rule for the perimeters (you can get from the nth
perimeter to the n+1st perimeter:

n+2
Poe1 = 2 xPy + (%) X (1 - ‘/—3 which is based on the idea that in going from one figure to

the next it is shrunk by % but then you have to do the new reduced shape three times less

some pieces, plus other pieces. In the rule, since we end up doubling the previous
perimeter and then some, the sequence of perimeters increases without bound, and is
divergent (which Martin Gardner in "Penrose Tiles To Trapdoor Ciphers" says it should be
doing).

The snowflake curve and the Sierpinski curve act alike in that in both cases the area
converges and the perimeter diverges. The snowflake curve is sometimes called one of the
"pathological" curves, compared to straight lines, parabolas, circles, ellipses, hyperbolas
and sine waves, which Kasner and Newman describe as "healthy and normal”.

In fact today the snowflake curve, one of the Koch curves, is in the realm of Fractal
Geometry and part of chaos theory. Mandlebrot, the leading force in this new way of
looking at geometry, talks about coastlines, turbulence, clouds, and galaxies. He tries to
describe the irregular and fragmented in Nature, with applications in economics as well as
many other fields. Imbedded in his work is the idea of self-similarity. You can see the same
shapes in the first snowflake as in the fourth one.
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Question worksheets for chapter 5
"The Harmonic Series"

il
4

1

Take a look at this infinite series:% b 4 =+ 5

+ — + ..., which is called the Harmonic

w| =

1
5
series.

See what you can find out about it. Does it converge or diverge? If it converges, what is its
limit?

Write a program to get the partial sums.
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Answer worksheets for chapter 5
"The Harmonic Series"

The harmonic series looks innocent enough. My students started to use their calculators
and even wrote computer programs on the FX7000G to look at the sums. One day some
youngsters must have gotten the sum of the first 10,000 terms, and it didn't reach 10! They
were ready to say the infinite sum went to 10 as the limit. Karl T. Cooper wrote from
Providence, R.1., that using his computer, he found the sum of the first 1,000,000 terms is
13.3573617935, not 14.392726788474, as | reported in the earlier printing. He showed this
graphically as well. This series tends to infinity, diverges, but very slowly.

In about 1350 Oresme proved this series to be divergent. The proof goes something like
this: we'll compare the harmonic series
11 1 11

+ + + et
1

+

LSTENY
TN
N[ =
N = ol

to the series i

2
which gets bigger and bigger and is divergent. We'll show that the terms of the harmonic

series, looked at in a certain way, will be bigger than the terms of the series

LA A N -;— + % + ... and is therefore divergent also.

272772

1
2 k)
1 11

1
§,and§>z,then§+X '2‘

The first terms, are the same.

. The next 2 terms of the harmonic series

NN

Now 1+1+1+1:i:%,but LN 7>%.Sothesumofthenex’t4

The next 8 terms will be bigger than % and so on. Since this is an infinite sum, we can go

1
2

+ %+ ...andis

+

on and on and the harmonic series will be bigger than the % + +

N[ =
N —

therefore divergent as well.

A program to get the partial sums of the harmonic series, in Basic is
10S=0
20 ForN =210 20
30S=S+1/N
40 Print S
50 Next N
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Question worksheets for chapter 6
"On Thin Spaghetti and Nocturnal Animals"

A group of teachers at an National Association of Independent Schools workshop in 1975,
spent time on guessing functions and graphing functions and came out with some
interesting results, including an infinite sequence.

1. Guess my rule: We'll digress here to look at the guessing functions or guess my rule and
graphing functions.

Put a number

I'm thinking of a machine or rule. You give me a number in the machine
(input), | put your number in my machine or use my rule on 3,
your number, then | give you a number back (output). | \ /

always do the same thing to the number you give me. Your
job is to figure out how my machine works or what my rule
is doing to your number.

AL

"‘i get a number

So if you give me 1, | tell you 5. If you tell me 2, my aut
machine gives out 7 and so on. We'll put the numbers in a

table like that at the right . input|output
Can you guess my rule? Guessing the rule also means "—]—js_
finding the out put for an input of any number, say 100. 217
Can you find the number | would tell you back if you gave ‘3— g
me 1007 4

10123
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There are many ways to say what the rule is. If your description of my
< rule gets the same pairs of numbers, that's fine. Some people say |
"'"‘5— added your number twice, then added 3. Others say the y-number

7 } Z  goes up 2 each time the X-number goes up 1. Others say | doubled
g ::l 2 your number then add 3. One way to write the rule is
i ]) £ X+ X+3 =Y, another way is 2« X+ 3 = y. This is another case of
look for patterns, they abound here. Some people look at the
10|23 differences 1 to 5, 2 to 7, and so on, these go up 4, then 5.. you can
write 1+4=5, 2+5=7 .. or 1 + 3+1=5, 2+3+2=7, .soX +3 + X =Y,
which amounts to the same rule.

Ju N Ry —

Now you make up a rule for me. Use a 3x5 card, put your table of numbers and name on
one side then write your rule on the other side. Have a friend make up one for you. You
make up one for a friend. You'll probably make up hard ones to begin with, but try to control
your fiendishness and use times and add or subtract to start with.

Here are some rules you can figure out with a friend:

1. z. A, 4.

x|y x|y x|y x|y
o2 15 1o ola
115 ERAn 111 11
2112 10125 213 214
3119 g113 316 319
4126 719 4110 416
1001695 20145 10135 10100

For rule 2., as you've undoubtedly noticed, | purposely didn't put the numbers in order.
People usually do that when starting work on these rules. You might want to put them
in order to help find the rule.

rule 1. rule 2.

rule 3. rule 4.
Make up some rules for a friend. Don't make them up too hard at first. The idea here is
to learn about functions, not try to stump your friend.

2. Graphing equations: We will get back to the guessing functions in
a minute, but first let's look at another important idea, graphing of
these functions and equations.

XY
We'll start with the equation X + y = 7. Find two numbers that add A L
up to 7. We'll make a table to keep track of the pairs of numbers that kR N
make this true. . 210

Like 1 +6 =7, so the pair of numbers 1,6 will go in the table. 5,2 will e

work and 7,0 will also work. Find some other pairs of numbers that
make this sentence or equation true.
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Think of the graph as two
number lines, a horizontal one,

-t
27t o012 3 45 6 78 called the x-axis and a vertical
one called the y-axis. Then put
them together at (0,0).
y
A
8 - .
This gives our graphing board, called the cartesian 7 1
plane, after Descartes (pronounced day-cart), circa 6 1
1630. Each pair of numbers corresponds to a point
on the graph. To plot the point (1,6), you go over 1 T
and up 6. 4 T
y 3 4
i o1
5+ the X is |+
plotted
T at .l
6 - —=—— (1,6) 1
5l -2+
T r
41 ‘
3T
2T .
&
-ttt
‘2'_19123456?8
ol
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For each pair of numbers which make the sentence true, like (1,6 ), we'll plot a point
on the graph below. The first number is counted along the horizontal or x-axis. The
second number is counted along the vertical or y-axis. Plot an x on the graph for each
pair of numbers you've found, then look for a pattern. Predict where other x's will go.

Wty =7

&
-

[An]

dgn o -4 @

4 SR

-+

:

Notice, the numbers are on the lines, not in the spaces when you make a graph.
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The points (1,6), (5,2), and (7,0) are shown plotted below.

f<+"'n‘ :_I?
W
_ 1 | 6 ——
- 5 | 7 ————
' 413
P
5 op7
215
o ,
- 7y 0 ————
- a]-1
Fi L —
: 9 2
B =) W -
2 ] 3 5 & F g 9ap

Plot the other points on the graph. Look for a pattern to the x's. You can go beyond the
axes also! ..what pairs of numbers can you find there that will work? You can plot points

between the lines...what pairs of numbers can you find there that will work? Share your
graph with friends.

How can you change the open sentence or equation? What happens to the graph? Try
different things, share your discoveries with a friend. Copy some of the % graph paper in
appendix 4.
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Copy some of the %" graph paper in appendix #4 for

the following graphs. Ty

-
'

P

Now we'll graph equations that look like the guess
my rule function at the beginning of this chapter: ¥
2+ X + 3 =Y. Use the table of pairs of numbers that
make this true and plot the points that go with them.
Again look for patterns. There are lots of patterns in
the numbers, find them on the graph.

B8 g

=T

]_"l.jj.m_l U-llf_rl ~

Using a different color for each equation, make a
table of numbers and graph these on the same
graph paper as 2« X + 3 =y . Write the equation, its
table of numbers and make the graph, all in the
same color, and each equation a different color:
2¢X+7=Y and 2«X +1 =Yy . What's happening? =
What's changing and what's staying the same?
Where does the adding number show up on the
graph?

SETNET LR

=T
el
"
.
P

On another piece of graph paper, graph these 3 equations and color-code them as before:
2-x+3=y;5-x+3:y;and '4-x+3=y

What's changing? What's staying the same? What happens on the graph? What pattern do
the points have? How does the graph relate to the rule or equation?

How does the multiplying number show up on the graph?
How does the adding number show up on the graph?

You make up some equations like these for a friend to graph and let them make up some
for you to graph. Talk with them about what you find.

Write the equations for two graphs whose lines are parallel (never meet).

Write the equations for two graphs whose lines are perpendicular (at right angles to each
other).
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£ i
|I_TL 4 1—|}‘
i 0
- - ™,
= L £
o | =1
[§ [
rig Q T
& 1t | = e

v} 3
% N Z4
= 7
+Hit t S
N — t_]u- X N L . +— t_h- x
L 1_1 = "-|- - - 1_} 4 - ‘Jr i

~a = |

Find the equations for the graphs above by Filling in the mulkiplying
nurmier and the adding numbser Delovw.

] ___’X+___=s,_,f "‘ __":DC+_='}-"
o _eN = O X+ =Y
B ex+_ = X =Y

Check your equaltions by pulting in at least bwo pairs of numbers
from the points on the graph o see ifthey make the equalicn rue.
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3. Functions from experience:
Now we'll get some functions from different things, the first of these is
The shuttle puzzle

The object of this puzzle is to interchange the blue and the red pegs. The rules are 1)
you can move to a hole that's next to a peg; 2) you can jump, but only one peg and it
must be of the other color, and 3) you can't move backwards. You must start with the
empty space in the middle and end that way. You can use golf tees, as | do, or you
can use two different kinds of coins or bottle caps or pieces of colored paper as the
pieces.

Try it. It's not easy.
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Sometimes if a problem is hard, make up an easier one, do that, then go back

to the harder one. In this case, try 2 pairs of pegs with the hole in the middle,
instead of 4 pairs.

you can't use these 4 holes

After each move, how many possible new moves can you make? When do you
get stuck? What do you need to do so as not to be in this situation?

When you can interchange 1, 2, 3, and 4

pairs make a guess my rule table, with the X " _ No. of moves to
being the number of pairs of pegs and the y H 2; p:] gs ‘tT: "'-;hg nge
being the number of moves. ped peg

¥

Write down the number of moves you get, the

=

1
Yy numbers, then see if you can find a rule that —
will get the number of moves if | give you any 2
number of pairs of pegs (like 100). Look for 3_
patterns. What do you see about the —
differences? 4

Graph these pairs of numbers that you have
in the table. What do you see in the graph?
Put in negative numbers for X. Even though
you can't have a negative number of pegs,
you can still study the total situation
mathematically.
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The tower puzzie

The object of this ancient puzzle is to move the disc tower (4 shown here) from any
one of the three pegs to either of the other two pegs, ending up in the same order you
started with, from smallest to largest. The rules are: you can only move one disc at a

time, and you cannot put a larger disc on top of a smaller one. If this is too easy, try it
with 5 or 6 discs. Look for patterns.

When you have reached a point of being able to move 6 discs, you can the try to move
the discs in the minimum number of moves and again look for patterns.

The Tower Puzzle

Now make a table, keeping track of the number of discs vs

. Mo, of |Minimum
the minimum number of moves.

discs Mo, of moves

¥
Look at the differences, what patterns do you see? What o
kinds of numbers are these? How are the y-numbers _1__
related to the differences? 3

Find a rule which relates the no. of discs to the number of
moves.

Make a graph of these pairs of numbers.
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Hinged mirrors

Tape two mirrors together as shown in the diagram
at the right. Put an object, such as a white rod
between the mirrors. As you change the angle
between the mirrors, what happens to the number of
images you see?

A technique which may help, if | can make it clear, is
this: You'll see the bottom edges of the mirrors
reflected in the mirrors. When there are 4 sections, 3
in the reflection, plus the 1 section out front, the
angle between the mirrors is 90° (the total angle
about the axes of the mirrors at the bottom is 360°,
and 360°+ 4=90°). Another way to do it is to
measure the angle between the mirrors and count
the number of images. | think things like this take
time..you really have to look at what is happening.

Change the angle between the mirrors and fill in the
the table for 30°, 45°, 60°, 120° and 180°. Then find
the relationship. Check with someone else.

Graph the pairs of numbers you get. Have you seen
a graph like this before?

the
nurnber
of images
e

el

the angle
between
the
mirrors
{deq}

¥

20
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The hinged mirrors at the right are
shown 90° apart. The diagram
shows with the dark arrows, how
the light rays start from the rod,
bounce off the mirrors, then arrive
at the eye of the observer. One
image is the result of reflections off
both mirrors. A little physics is
involved here in that the angle the
light ray hits the mirror equals the
angle the ray reflects off the mirror.
The equally dashed lines show the
"apparent” light path from the
images to the eye. Notice that the
images are symmetrically opposite eve
the rod or other image in the mirror

lines. When Mark, 10 years old,

and | worked on these diagrams we

found that all the images, the

original rod, and the eye all lie on

one circle!

hinged
T ors
,"’J

Try to make a diagram like this
when the mirrors are 60° apart.



Calculus By and For Young People -- Worksheets Ch. 6 page Q99
4. How lengths, squares, and cubes grow
Back to the teachers' work mentioned earlier. We looked at the problem: given a certain
volume, like 8 cubic centimeters, find their surface area. We used blocks from the set of
Cuisenaire ® rods, which are 1x1x1 to 1x1x10 cm. in size. Arrange the 8 - 1x1x1 cm.

blocks different ways. Two of these arrangements are shown below. Which arrangement
will give the smallest skin area (or surface area)? the largest?

o & o
e A /_7
& - E

AR 7 d - - .
] 5.4 =34 om=

5. We talked about the Nautilus shell, and we'll work on that in a moment. But this led to the
study of how lengths, squares and cubes grow. Again we used the rods.
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I

— rod |length
- 1) >y
_F 11
r 3
@@m,, )] il
El
5
Fill in the table at the right for the lengths and write a :

rule:

P length | area of
) T af side | square
':’q g / x |y
Y 1]
2 {4
3
- . 4
Fill in the table at the right. for the area of the squares and —
write a rule: E__

length |-olurms
of edgejof cube

¥

@ 5

1
a

Fill in the table at the right for the volume of the cubes and
write a rule:

il Bl
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200
150

On the same graph on the right, graph the

growth of the length, area and volume

from the tables above. 100

a0

0 —
012 345678910
rod length

. zurface
One of the teachers suggested looking at the surface area length | area
of the cubes, not the single rods, because they have the of edge]of cube
same cross section of 1 cm?. The surface area just LY
8amounts to using the face of a white rod as a stamp; how N
many stamps would it take to cover each cube in the 1 _'5_
picture of the four cubes above? 2 |24
Find a rule for the surface area vs. the length: 3
So how does the surface area go up compared to the the _i__
length? 5

How does the volume go up compared to the edge?
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6. Now we'll look at the surface area to volume ratios of the rods and see how this
is related to why rodents run around at night. Fill in the table below for all the rods
lengths 1 to 10, then find the same information for rods of 100 and 1000 cm. long, then

generalize for a length X.

oan| e | e | SRR

| 5 | _?_ — e
2 10 2 1_29 =5
3

4

5

B

7

g

9

10

100

1000
X

Look at the sequence of % ratios; what's happening? Is it a converging sequence? What

do you think is the limit of the sequence?
What does the surface area of an animal do for the animal?

What is its volume have to do with heat production?

What does it mean for the smaller animal to have a larger \S/—é\' ratio?
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-

The figure above came from a rubbing of half of a chambered Nautilus shell.

Some of my students ask me why | have the chambered Nautilus shell around-- pictures of
it, articles about it, a world map on one, a whole one, a half one, my original watercolor
painting of it, a copy of my painting on the cover of my books, on my stationary... Well, |
say, it is very beautiful, it is one of the oldest living things we know, and of course, it is an
example of a mathematical curve (a spiral) in nature, that has special mathematical
properties of growth. And since we've been studying how length, area and volume grow, we
could look at how the shell grows. You will want to make a few copies of this shell rubbing
first. Look at the shell now and make up some questions you could ask about how it grows,
by measuring different things. Go to it.
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04 i3 a radius vector, a line seqgment from the
center O of the spiral to the point & on the curve.
0B iz also a radius vector 3607 from 04 .
Measure 04 and OB at warious places around

the curve. Find the ratios of % .
W hat do you notice?

CD is a tangent to the curve

at point A on the spiral. Angle & is
the one to be measured. Do this
at warious places around the
curve, What do you notice’?
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Vickie did three studies on the Nautilus shell; you might want to try these.
She confirmed that the individual chambers (as well as "chunks" of the shell) are the
same shape. Cut out pieces of the shell and try the eye test.

Cut out 2 chambers and do the
eye test to see if they
are the same shape.

2. Using a real half-shell (see bibliography, under materials), she found the % increase in
volume of the chambers.

3. Vickie then showed that the area of the chambers are proportional to the "length”
squared

( A =keI? ). She did this by measuring the area and length of some chambers, then
calculating k and showing it is the same for each chamber.

Try these yourself.
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Other functions to try:

The sum of the interior angles of a polygon vs. #sides

The interior angle of a regular polygon vs. #sides

On a circle, the central angle vs. the length of its chord

#squares on a 4x4 square array of dots; 3x3, 5x5,..array of dots.
The triangular numbers, square numbers, pentagonal numbers, ..
The side of square vs. perimeter

The side of square vs. area

Rectangles of constant perimeter of 20; | vs w  (see ch.14)
Rectangles of constant perimeter of 20; | vs A (see ch.14)
Rectangles of constant area of 36; | vs w

Rectangles of constant area of 36; | vs perimeter

Triangles of the same shape- double its sides, what happens to area?
Weight vs. stretch of a spring

Length of wire vs. its resistance

Length of a pendulum vs. time for 10 swings

Celsius vs. Fahrenheit temperature

Height of an object vs. length of its shadow

Weight vs. volume of different size pieces of the same solid material

8. Other graphs you might work on:
Graph X2 =y . Look for a pattern as you go up from (0,0) to (1,1) and so on. What's
happening? Do all parabolas have this same pattern?

On the same graph paper, graph y =X, Yy =x2, and y = X3 between X =0 and
X =1, going up by tenths. What do you notice?

On the same graph paper do the following sequence: graph y = X2 , a parabola. What is
the equation of the graph which is the same as the first one, but shifted 3 units up? What is
the equation of the graph which is the same as the first one, but shifted 2 units to the right?
shifted 2 units to the right and 3 units up? What is the equation of the graph which is the
same as the first one, but wider? What is the equation of the graph which is the same as
the first one, but opens down?

On the same graph paper, graph X2+ ke y2 =25, Using k = 1 you get one graph; a point
on this graph would be (3,4) because 32+ 1¢42 =250r9 + 16 = 25 is true; find more
pairs of numbers to make this true (use a calculator to approximate numbers) and graph
them.

Then when k = 4 you'll get another graph; then use k = 0; k= % ; k=-1,k=-4;k =;.
What do you notice?

Make up other functions, other questions from this chapter.
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Answer worksheets for chapter 6
"On Thin Spaghetti and Nocturnal Animals”
1. Guess my rule

1.

x|y
0| 2 o For rule #1, notice the differences are 7, and the rule
1| 5 S_; can be written
20122
APS 7eX-2=y or Tex+2=y
100|698
2.
ALY From 3 to 4, the y-number
015 goes up from 11 to 13, or 2. So
3111 I try 2¢3 + what = 11? 5. Does
10125 this work as the rule: 2e¢ X+ 5 =
411% y ?
7119 2«7+ 5 =19 that's true,
20145 and 2¢4+ 5 =13 that's

true, so this rule must work.

There are many patterns here in rule 3.

3. The differences in the y-numbers are not
2Y the same. And the difference of the
0 0} ] differences are 1. A pattern | see is is on u y
2‘ ‘3} 23 1 the right, so the rule could be written o o
3|g> 3%: X x_;l =Y. Some people see that2:> =3 |, 1 =
4|10=4 3e4 . oefl -0l =3
1olss and =6 or written as 2 i‘z
'y L3 3.. 2 = 3‘— = 6
3 (2”) and X (;(”) =y . I you write a 1 E
0Lz 465 =10
number so you can see where it comes a* 27 2
from, like 3+1 instead of 4, or the 4-3 1051 =10 o 55
instead of 1, above, it often helps to T :

generalize a rule.

These numbers are called the triangular
numbers (see ch.1). And they are also the
sum of the consecutive numbers: 1+2=3,
1+2+3=6, etc.
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2. Graphing
In graphing X+ Yy = 7, between the lines you can get points like (4% , 2—;— ) because 4%

+ 2—;- =7 is true and beyond the axes we get points like (2, 9) because 2+9=7is

true and (8, 1) works because 8 + 1= 7 is true. And these points follow the same
pattern!

Xty =7
Yo (29 Ay
o HE
| 5]z
% Ll EN
ol % 0|7
21 2|5
11 i o
«t % ~+
= .I}:F; l: ) 8 -—1
3 - 8,71 —1
- ‘x, P 9)-2
- ! : -2 9
' 4101
6 - *— = 2l =2
P oY 1 4§ 4 5 ;'% 10|

Often young people don't know there is a number between 4 and 5. This takes a little

discussion, usually about money, a half dollar, or sharing cookies as in chapter 2. Not
complicated though!
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How can you change the equations, the graphs? A word of caution, as soon as the
learner is asked to make up the problem, in this case, to change the equation, expect
the unexpected! The learner is liable to make up something very difficult, very unusual,
but very exciting. Even if we have to admit we don't know what will happen, if we try it,
we might learn something new. Some possibilities follow:

If you change the equation to X - y = 2 we get a graph like that below. Notice that if we
use the point (1, 1) which follows the pattern, and plug the numbers into the equation,
we get 1-"1 =2 which is true. And from (0, 2) we get 0 - "2 = 2, which is also true.
How about that.

b X=—y =2
" i
> B ER
& 2 ]o
7 4 |2
M il K
O G 4
L

3 1
= * I
3 ’ !
5 P o |2
1 ' S

- X
O, t?ﬁ 4 %5 6 7 o8 91
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Below is the graph of X« Yy = 12. For those concerned about young people doing
arithmetic, this is an opportunity for them to practice their multiplication facts for 12; |

never say that to my students, however. Notice 9« 1 % =12 ( you could say we are
sharing 12 cookies with 9 people, how much do we each get?). We could also use

negative numbers, (2, 6) would work because 2+« 6= 12. Where would that point be
on the graph? Notice also, this is not a straight line, but a curve called an hyperbola.

What happens if we change the equation to X« Yy = 67 Make up more questions.

v Mey = 12

—rer-e T
1 i 1___1_2:_
H M 2 &
T iJ —_—
- . 314
: e
i s |z
, 2

1z

& LY =
: 1T
= 1
4 > =%
z FA 1
5 ® .
1 ® *

_ - =

NI EEEEEEEREENEE
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The graph of —;- = 2 is shown below. Lots of interesting avenues to investigate here.

("2, 1) would work because ;_3— = 2. What about (0,0), would that point work?

¥ V-
o iy
+ = 3 FRER
e . N3
2 & B |a
.- FEEN
. e [T
-1_: | T F & F &6 9 1o —

Notice, I'm writing the equation in the form 2« X + 3 =Y not y =2« X + 3 because in
the table of numbers, the X - number is on the left also.

Il

ot *. ® ZeX +3 =Y
_§+ q OQ':}C-F_."‘:}"

X+ =y

-

5
g

=
i

In the equations and graphs above, the multiplying number 2, is the same in each
case. The pattern in the graph, the points, go over 1 and up 2 in each case. The

adding number, 3, 7, and 1 is changing. That's where they each cross the Y - axis,
when X = 0; at (0,3), (0,7) and (0,1) respectively.
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P -

0 + ® e+ 3 =Y

o W DX+ 3=
% ¢ M dex + 3 =y

5

51—+

&

5

1

g -

P 4 2 3 4 5

In the equations and graphs above, the multiplying number is changing. The adding
number, 3, is staying the same and the three graphs meet at the point (0,3) on the

graph. That's where they each cross the y - axis, when X = 0. On the dot graph, the
points go over 1 and up 2 spaces. On the diamond graph, the points go over 1 and up
5 spaces. On the x graph, the points go over 1 and down 4 spaces. For the diamond

graph, the ratio over 1 and up 2, or % =2, this 2 is called the slope of the line.

Two equations whose graphs are parallel mightbe 6¢e X +3 =Yy and GeX+1=Yy .

Two equations whose graphs are perpendicular might be 4¢X +3 =Yy and % e X +1
= y .
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¥ b
h—D* * ' H
; ¢ to 4
aT—@ f
7 7 ks
= e .
2 i | Lt
4 4 x
3 - T
2 2
- + - 3
: -~ 4 -~ %
a0 13 45 R EEEN
~ A
The equations for the graphs akove are,
® i+ o=y ® S+ 3 =Y
O lex+ 4 =y O e +5 =Y
u %’:;{+-1=}.= x —g—-x +72 =Y
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The shuttle puzzle

Quite a while ago, a teacher made the following pattern of the hole as the pegs moved
to complete the puzzle. This left an impression on me for many years because it is
looking at the movement of the pegs from an entirely different viewpoint. Look at the
pattern!

start LT 1T BT T
1 [TITTTIT]
2 [TTTTITT]
z (T TITTTT]
4 (T TT T TIT]
S CITTITTT T
& LT ITTTTT I
T LI TTITT]
CHENEE EEEEN
S IITITT1T1]
i} HEEEEEEN
ANEE EEEEEN
12T TTITTT]
1z [ IITTTT T
[TTTTITT T
1sCIITTTT ]
e[ TTT T TT]
IFSEEE EEEEN
N EEEEEEE
EREE HEEEEE
20 [TTTHTTIT]
AEEEEEEE BN
22 [(TTTTTT]
22 (T T T TTT]
24 [TTT W TTT]
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Jonathan, age 8, saw the pattern that the number of

pairs of pegs, times 2 more than the number of pairs of _ Mo. of mowes to
pegs, will equal the number of moves. He wrote the Mo.of pairs | interchangs
rule af peds the pegs

m = p(p+2) = p* + 2p Y

i}s)
G Z
— 7

_.|:><

Other people look at the differences, the first
differences are the odd numbers.The second
differences being constant tells us that the function is a

ra

3
quadratic (has X* as the highest power of the function). :’ - ) 9
Another pair of numbers would be (0,0) because we i
could go back 3 from 3. That tells us that the adding
number is 0.
At the right Jonathan graphed the pairs of numbers from
the shuttle puzzle.
" —2
Then he graphed the function in Derive after | asked him to l Y=EXTH2X
change the equation to y = X* + 2X. The graph came out _
like that below. This was exciting because although | el | *
worked with the shuttle puzzle for 30 years, | never had 221
had a student at this point--in a computer program which 204
would allow him to explore the graphs this way. 18t
167
»
- Iy= ;<2+2x 147
ll\,-.’-':g (i 124
| 1
. o1 10
\ |
6 -
. 1,
\ “
\ , _ - e [ it
5 _5\ = / i b o1 2 3 4
V4
e

| thought of two things he could explore on the computer: one, move the graph and get
the equation for this new graph, and two, have him find out where the graph crosses
the X-axis and find the coordinates of the vertex (the low point of this parabola). |
asked him what the equation would be if he moved the graph up, or up and over.
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At this point Jonathan made up
a new equation y = 3X* + 5x
and graphed that, the dashed
one at the right. | then went in
the second direction. | asked
him if he could find the points
where the graph intersected the
X - axis and find the coordinates
of the vertex. Since the
parabolas are symmetrical, he
agreed that the X - coordinate of .
the vertex is halfway between v !
the points where the curve y = 3w+ Gyom oy .
crosses the X - axis (halfway S
between any 2 points at the
same height or have the same y
- coordinates). So halfway
between 2 and O is 1.

Now how do we find the y - coordinate of the vertex? Just plug in the X - coordinate,
1, into the equation and solve for y.. easy!

He did this:
y X + 2X
=(1)% +2.71
y = 1 + 2 =1, sothe coordinates of the vertex are (1, 1). In Derive we are able

to move a cross, at the same timze have its coordinates show on the screen. To locate
the point where the curve y = 3X” + 5X crosses the X - axis, besides at 0, we moved

the cross to get 1.6666 which he said was ;?? Now he saw a pattern. Look at the

numbers in the equation, 3 and 5, and look at the -:?)é Wow! .. and he saw how to get

the X - coordmate of the vertex from the crossing point. | then gave him the equation
y= 5x° + 7x and he was able to fill in the table below by himself, can you?
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Equation whe;;eei';é:zsges the coordinates of the vertex
y = X%+ 2X -2 and O (71,71)
y=3xfrsx | 2and 0 (72,78)
Y = 5x8+ TX

The Tower Puzzle

Mo, of [Finimum
discs [Mo. of moves
Y
1 1
_____;.;_-=21
2 3 """"" - S:
3
4
5 3 jl6 =2
ER
] 63

The tower puzzle
In looking at the table for the tower puzzle
at the left, there are many patterns. The y
- numbers are odd. The first differences
are 2, 4, 8, 16, ... as are the second
differences, which are all powers of 2. And
these are 1 more than the y-numbers. So
we can write the y-number 15, as the next
difference, 16, minus 1. But 16 = 2% We
can then write 15 =16 -1 = 2% - 1. Notice
that the exponent is the same as the X-
number. This is another clear case where
we don't want to write the answer as one
number. The tower puzzle rule therefore
can be written

2"-1=y
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y
'

| think it's important to graph everything. f‘j 1 g s 2
S T =¥ + X

Jonathan graphed the tower puzzle pairs of ';‘; \\\

numbers on the same graph paper as the shuttle g X;&%

puzzle. He looked at them and said they looked o |

alike. He connected the dots with straight line 55 |

segments (not a thing | would have done). A couple 20

of questions arose. Will these curves ever meet
besides at (0,0)? Yes, at (5.319, 38.938). What

happens when we put in negative numbers for X in
2" 1= y ? How would the graph of 2" = y be

different from the one above?

Shuttle puzzle
XE+2X =Y

oy

L

L

Tower puzzle
2¥_1 = Y

18 1

| suggested that Jonathan graph 2" = y on
this same graph paper and go into the
negatives. We talked about negative
exponents again. We looked at the pattern
in the powers of 2 (see chapter 1) and he

came up with, again, 2'= % and 22= %,

so he was able to graph the points with X-
coordinates negative.

He saw that the graph of 2" = Yy, asX
gets smaller (goes to the left), approaches
the X- axis, y=0, but never crosses it (the
X- axis is an asymptote). The graph of 2"
1=y, as X gets smaller (goes to the left),

approaches the line y = 1, but never
crosses it.



Calculus By and For Young People -- Worksheets Ch. 6 page A119

-
When Jonathan went back to Derive to Y=x=+ 2% y
graph the above, he made the mistake 4 i
(fortuitous, for the teacher), of switching
the X and the 2 and graphed y = X* - 1 \ . /
instead of 2" - 1 =y with y = X + 2x. This .
lead to a nice discussion of how we move
the graphs and how the equation j
changes. % - /i s 5
- )
Sy=x%-1
The hinged mirrors
. The Hinged Mirrors
;i- o "I;.—" = 360
thel |4
a the angle
2 L kn between
‘—E‘- = the the
= number | mirrors
ol abn > of images | (deq)
S x |¥
m I
= = L 2 180
5 3 [120
A :.l —i- -
2 4180
= . I
P min
;.;: = »- 6 | B0
- - o | 45
IRl EFEEENEENEEE T ey
thig number| of|limages e
1

Amanda wrote the rule as y = 33—0 which is an hyperbola.
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4. How lengths, squares and cubes grow
We found the following arrangements of the 1x1x1 cm. cubes

5.4 =48 o

S

C—y — S A = 28 cm?

e & .fJ

=

J S A =34 om®

_ 3
S.A. =28cm S A =24 om?

We noticed that the smallest surface area, for a given volume, occurred when we built a
cube! This same idea occurs in spherical soap bubbles.
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1ength | area of 1ength | valume
rad flength af side | square of edge | of cube
il b Rl S
1)1 1] 1 (1
e El R 28
1= B BE)
44 . m 4 [pa
5 |s s |z5 5 [125
K= ) x'=y =y

How lengths, squares, and

cubes grow
cubes{valume)
A L _
= XK=
>
200
150 sqUares
{ area)
2
1 x-y
&{d—
100 { O
)
i .
50 Hb
¢ lengths
* I:l} J /’/ ‘; - '}II
u&ﬂ oo
0 -y

012 2456789210
rod Tength

From the data above, the surface area goes up as the square of the length and the
volume goes up as the cube of the length.
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6. For the \S/AI ratio we get an infinite sequence 6, 5, 4.67, 4.5 4.4, 4.33.., 4.28..,

..4.0002,.. which decreases, gets closer and closer to 4 and never gets below 4. So
this sequence converges to 4.

Lengtn| - SUTEe | v e

1 6 | E_,

2 10 . o_,

3 14 3 Yoaer

4 18 4 Boys

g 2z 5 Z =44

6 26 & Z-433

[ 30 7 Bz

g 34 i %‘L 4 25

? 58 : a2z
10 4z i 2 s
100 402 100 202 - 42
1000| 4002 1000 4002 - 4 002

K| dexez x (A2 4:; N P

If the white rod (1x1) is a mouse, and the orange rod (1x1x10) a human, the mouse has a
greater surface area to volume ratio. The skin acts to rid the body of perspiration and the
mass (proportional to the volume) is a measure of heat production. If the mouse ran around
during a sunny day, it would lead to "excessive transpiration". That's why rodents are
nocturnal animals. A visitor came in on this discussion to say "that's why mice eat more for
their weight than elephants and why my son likes thin spaghetti because there is more
surface area to be surrounded by sauce than thick spaghetti!” And why we grate cheese

before putting it on the spaghetti.
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7. The Nautilus Shell

Guan's work on the shell

Guan, 10 years old, measured the following angles between the radius vector and the
tangent at various points on the curve: 85°, 80°, 81°, 77°, 79° and averaged them
f(85+80+81+77+79,5) = 80.4°. In the process of finding the average, Guan made a mistake
in dividing 402 by 5, which he corrected. This helped him understand division better. | think
it's important to realize, that if we start young people working on important mathematics,
they have time to make mistakes. Frank Land in "The Language of Mathematics" comes
out with 79.5°. Guan's measurement error was only about 1%, which | thought was very
good . These angles are essentially equal and thus one name for this spiral is the
"equiangular spiral".

Guan measured the radius vectors 360° apart got the following ratios:

OA 65 _ 50 _ 35 _ 325+333+35 _
B =% = 3.25, = 3.33, 0" 3.5, and averaged them = 3.36. Frank

Land in "The Language of Mathematics" comes out with 3.2 . This means the shell lengths
from the center, multiply by about 3 each time it goes around 360°.
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Vickie's (a 9th grader) work on the shell:

"My first attempt to measure the volume of each chamber was a flop. | failed to have
exact and correct equipment, thus | had results that were not accurate. | started from
scratch. My second try was more successful. Using a drinking water and a home-
made graduated cylinder made from a drinking straw, clay, wax, tape, and a funnel. |
discovered the volume of each of the chambers in a measurement system | invented
myself and dubbed "Vickies".

Yickie's instrument to measure the wolume
of the chambers

V.

]

o “ funnel
drinking
straw “uﬁ_\
. water
s
o W to seal
- i A
_:’? '“f/ /
*‘”7
y “clay

The average
percentage of increase from one chamber to another is 6.3%, the figure given in 'On
Size and Life', a Scientific American Library book.

Vol. of Chamber #5 (gray) = 38.8 Vickies

Vol. of Chamber #6 (hatched) = 41.5 Vickies
| used the formula:

Percent increase x original volume = increase of volume

n% increase x 38.8 Vickies = (41.5 - 38.8) Vickies

n% increase x 38.8 Vickies = 2.7 Vickies

n% increase = 6.9%
The next problem was the percentage of increase in the area of the top of the
chambers. With the help of the rubbing of the shell and translucent graph paper, |
found the approximate area by the tedious method of counting square by square (on
mm graph paper).
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Then | measured one length on some part of the individual chamber (heavy lines above).
Area of chamber #5 = 544 mms" Length of chamber #5 = 44 mm
Area of chamber #6 = 654 mms" Length of chamber #6 = 48 mm

Then by using the formula: Area = Iengthzo k [ This is what we found above, that the
area of an object is proportional to the square of a length ].

Example of chamber #6

654 = 48"« k

k=0.28

| discovered that k was a constant of approximately 0.3.” | did not use all of Vickie's data
here, but have since done this with other students and come up with similar results.
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5 8. Other graphs
The graph of X*=% from

x=01to 4,and its pattern

All parabolas (see the graph on the left) have
the pattern over 1 up 1, over 1 up 3, over 1 up 5
and so on, because the the odd numbers add

2
up to square numbers. 1+3=4=2",
1+3+5=9=3"_If you graph 3% = Yy, the pattern
would go up 3x1, 3x3, 3x5, ...

4
A
1_
0.8 /
02n the graph3of X=y, , ' "y
X =Yy and X =g/, if Xis say .4, .4 X=y
=.16<.4and 4= .0624 <.4,sothe 0.6
points on the curves X'=y and x’= /x /
y are below the graph 0. 4- e s )
X =Y. When x>1, these other / /:‘Sf? — A=Y
graphs will be above the graph 0. 2] f,f //’ /.,/ 3=y
X = y yd H/,' o
/ .r""'fi _w“'f
- __‘_’___-r_ﬁ-__,_,.-
"0z 04 o6 oe 1



Calculus By and For Young People -- Worksheets Ch. 6 page A127

shifts 3 ,
shifts 3 up
X*+3 =y ‘ !
/ shifts 2 to the right
and 3 up
\ S (x-2)" +3=y
\ *\
x¥=y ———
original /X ;""—f—“ (% - 2) =y
210 12 3""'“:’Rt shifts 2 to the right
ariginal ¥
}:2 -5 .‘c !
H \ 1. /
widc:-r /

"
\ 1
op&m down

Are there any other positions of the parabola that you can find and get an equation for?
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Below is the graph of X+ ke y2 = 25. Using k = 1 we get a circle with radius 5 or+25 ;
when k = 4 we get an ellipse whose highest point is 2.5 or ‘/243 ; when k =% we get an

ellipse whose highest point is 10 or 2+ 25 ; when k = 0 we get 2 vertical lines; when k
=1 and k = 4 we get an hyperbola (notice the 2 pieces to each hyperbola).

Graph of %%+ key?= 25
for different values of k

Where do parabolas, circles, ellipses and hyperbolas show up in our world? These are very
important shapes.
Lots of things to do here! Make up other questions.
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Question worksheets for chapter 7
"The Fibonacci Numbers, Pineapples, Sunflowers and The Golden Mean"

found in the "whorling" leaf arrangements
(the botanical name is phyllotaxis) of
many plants. It took me a year or so to
find these patterns, and then the numbers.
You really have to look carefully, because > :
these patterns are not in every plant. We'll
start with a pineapple.

1. Some of the Fibonacci numbers are f

-
-_uf’p-i’na piece of

colored paper alang

There are rows of nearly-hexagonal cells.
Look for them as they whorl or spiral a row to keep track of
around the pineapple. There are three counting the number of
directions these rows take. Find them on rows in that direction
your pineapple. Have someone else work

with you.

The leaves of a sunflover
grove helically around the stalk.
Start frorm any leaf [(#0 below] and gotothe next leaf that
comes out of the stalk directlyabove the stating one (#8 below).
Thereare 2thingstocount here:

Countthe nurnber of Countthe number of |eaves
tirmes the leaves go from the starting onetothe one
aroundthe stalk above it (§in this case).

[3inthiscase].

4

5 _'l/**S leaf base iz directly
) '“'L above the starting one
2

V4
the helix goes
around the A
branch 2 ﬂ"a____‘—h @—% 5
timesz \ 3

A
",
" .
(1) —=
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This is called a 3,8 pattern. | found the bush in front of my house has a similar pattern. See
if you can find some of these patterns of leaf growth near your house, in your garden, at the
plant store.
The numbers we come out with from the pineapple, the number of rows, are
8, 13, and 21; the numbers from the sunflower stalk are

3and 8
If you look carefully at the 8, 13, 21, what's happening? How do we get the next number in
the sequence? 5+8 =13 and 8+13 = 21, so the next number will be 13+21=34; the number
before 8 is 5 and we have

1,1,2,3,5,8,13, 21, 34, ...

You add the last 2 numbers to get the next number. This infinite sequence (divergent) is
called the Fibonacci numbers. It has very interesting properties and has been studied for

many years.

Write down the next 6 numbers in the sequence.

2. Write a computer program that will print out these Fibonacci numbers.
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3. Now let's look at the ratios of successive Fibonacci numbers, so we need to
divide each number by the previous number. Write the ratios as mixed numbers and
decimals. Do the 3 ratios after the ones below by hand, then use a calculator and write
as many decimal places as your calculator shows for the decimal.

1_- 153 _

1 ] a8

2.

=2

5_q41l_q¢

"2"‘ ]2"‘1 e

§= _2_=, GRE E‘ID:
i

5

Look for patterns in this sequence of mixed numbers. What's happening to the
numbers? Are they increasing or decreasing? Can you predict the first 4 decimal
places in the next ratio?

Graph the ratios on the paper below, starting with 3rd one (the first 2 are shown
below).

[} ]
L

A

e
41

5
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4. Using the Fibonacci numbers
151 we can make a spiral and
approach the golden rectangle: On

a piece of %" graph paper, about

)

1 start

10 units from the wide top side and

| short left side, start a 1x1 square.

34 - E Then build on this one more of the

l 2 A Fibonacci squares, 1x1, 2x2, 3x3,

/// r/T\\ 5x5, and so on. In the process we

Pl ! obtain rectangles 1x1, 2x1, 3x2,
J I ‘ / 5x3, and so on; the ratio of length
3 33 \__:,/’ to width of these rectangles

l approaches the golden mean. Then

use a compass to draw an arc of a
circle using the corner of the

square as the center. Make the
rectangle and spiral as large as you
can.

In the process of doing this for about the 10th time, | discovered something about the sum
of the squares of the Fibonacci numbers and the area of the rectangles. Can you find a
pattern?

e,
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5. Ratios of other Fibonacci-type numbers

Instead of 1 and 1 for the first two numbers, as in the Fibonacci sequence, what happens to

the sequence and their ratios if we start with two different numbers? Use your calculator or
computer to investigate this.

What happens if, instead of adding the last two numbers, we change the rule and add the
last three numbers?

Make up some other questions to investigate.



Ch. 7 page Q134  Calculus By and For Young People - Worksheets

4. The golden angle was obtained by a group of teachers examining the sunflower leaves,
then finding fractions of 360° using ratios of alternate Fibonacci numbers :
1,1,2,3,5, 8,13, 21, 34, 55, 89, ...

% x 360° = 180°
% x 360° = 120°
% x 360° = 144°
Keep going and see what happens to this infinite sequence.

What is the golden angle?

Another way to use the sunflower is to count the spirals of seeds on the head of the plant.
There are two sets of whorling seeds; the number of these in each in each set varies upon
the size of the sunflower, but each number is a Fibonacci number (or close to it). We have
gotten 55 and 89. Counting these spiralling seed rows is tricky; we put small colored pins in
each row, then counted the pins. Since nothing in nature is perfect, the rows are difficult to
count. Whoever said counting is simple, obviously never tried to count sunflower seed rows
on a pineapple!
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An example of a plant whose leaves whorl at an angle of 144°.

(576%) 5 (1447
5

/\

! h
e

[ 288°] 3 /R /\kdf [432°
“

2
.
T
//
e

7. Cutting a line segment
One of the more common methods of getting the golden mean or golden section is to
cut a line segment AB at point C, such that the following proportion works:

A 1
» *
A, C

[msl

the whole segment AB _ thelarger segment AC
thelarger segment AC  the smaller segment CB

If we call the larger segment X, the smaller segment, 1, the whole segment is X + 1.

Now write an equation in X using the proportion, then solve it (you might want to see
chapter 8 to solve it).
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8. The pentagon:

Copy the pentagon sheet in appendix 4. At the
right is a regular (all sides and angles equal)
pentagon ABCDE, with one diagonal, AC, drawn.
With a straight edge, draw in all the diagonals of
the pentagon. Label the points of intersection.

What do you see?
How many different shape triangles are formed?

How many different size angles are formed?
Knowing that the sum of the angles of a triangle
is 180° can you figure out the number of degrees
in the different angles?

What do they measure?

How many different length segments are
formed?

Measure all the lengths of the segments formed
(in mm.).

Compare your measurements with those of other
people.

Find the ratio of bigger to smaller length
segments. What do you notice?

Make up other questions to investigate.




Calculus By and For Young People -- Worksheets Ch. 7 page Q137

C
ey
-~ !\\\ If we say the length of GH = 1, what would be
/ \ the length of CH? What did you get for the
B.{:"J G 4H o ratio of CH to GH, or 1 2 Whatever this
~ T\ . G "
1 \\\ | i/.f ratio is, it will be the length of CH, if GH is 1.
F -
) e Remember the golden mean is about 1.6 . Do
f/fj\ you see that anywhere in these ratios? If GH
[ S =1 what is CD? BH?
-~ ~
A E

If we let @ = CH and GH = 1. Find the other lengths in terms of @.

9. Solve this quadratic equation &°-g-1=0 using the quadratic formula:

- b2 n_ k2 ) .
X1=__t£__b_ic_;_ and Xzz_t)___b__@_c_ Wherea:'],b: 1andc="1

2a 2a
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This figure shows 4
arcs of the ,n"ll
golden spiral like /

Barbara and Jenny \\
troth 9th graders, / \

made.
Toumake one |
starting with a 4
pentagon. ! the first arc has
\. its center
/ \ at point 1 J,f"’
!
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Answer worksheets for chapter 7
"The Fibonacci Numbers, Pineapples, Sunflowers and The Golden Mean"

1. Find the first 15 Fibonacci numbers are:

1,1,2,3,5,8,13, 21, 34, 55, 89, 144, 233, 377, 610, ...

FX 7000G Basic
2. Computer programs to give the 1> X 10 X=1
Fibonacci sequence for the FX 1->Y: 20 Print X
7000G (similar to any other Lbl 7: 30 Y=1
programmable calculator) and in Basic X+Y->Z 40 PrintY
are shown at the right: Y->X: 50 Z=X+Y
Z->Y" 60 PrintZ
Goto 7 70 X=Y
80 Y=Z
90 Goto 50

3. The first 14 ratios of the successive Fibonacci numbers are given below:

1 LE’;*‘._—.1§=1525 1;5*:155_3 1.61797...
27 2l18= 161538 23318 = 161805
$o1l-1s 34_413=1.61004 ST-114 =1 51802
5= 12=1.6666 %:1%=1 £1764 E-143=1.61803..
8-1d-18 Boft-1m1818

This infinite sequence of ratios of Fibonacci numbers

1’2111 12 13 15 18 113121 134155189 11441233
8 13 21 34 55 89 144 233 610

.. or as decimals,

1,2,15,1.66..., 1.6, 1.625, 1.61538..., 1.61904..., 1.61764..., 1.61818..., 1.61797..,
1.61805..., 1. 61802 , 1.61803..., ...

does have a limit. This number, to 19 decimal places, 1.6180339887498948482... is called
The Golden Mean or The Divine Proportion. It's the irrational number 1—+2-‘[§ .
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The graph the ratios of the Fibonacci numbers is shown below.

40
5
-
Fy
5 {r NDZ N -
]
vel |

4. The spiral of rectangles
In the process of making the spiral once more, using the Fibonacci numbers as
squares and approaching the golden rectangle, | saw that the sum of the squares of

the Fibonacci numbers is equal to the area of the rectangle they form (the product of
the length by the width):

12=1?_X1 12+1z+22+3z+ 52=82X5

2
1?+1°=2x1 1’+1%+2°+3°+ 55+ 8°=13x8
12+ 1%+ 2%=3x2 and generalizing,
1Pe1?e2°+3°=5x3 F+F+F + +F=F +F

5. The ratio of other numbers

Instead of 1 and 1 for the first two numbers, as in the Fibonacci sequence, if we start with 1
and 4 we get the sequence 1,4 5, 9, 14, 23, 37, 60, 97, 157,... and the ratios form a
convergent sequence with the same limit, the golden mean! Have you found any
sequences that don't go to the golden mean? Let us know, OK.

What happens if, instead of adding the last two numbers, we change the rule and add the
last three numbers? | have only done 3 cases.

1,2,7,10,19, 36, 65, 120, ...and 1,1, 2,4, 7,13, 24,44, 81, ...and -2, 1, 4, 3, 8, 15, 26,
49, ...

The ratios in each case form a convergent sequence which goes to 1.839286755... |
Wgndgr what that number is ?? It turns out this is one root of the cubic equation

X -x-x-1=0.
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6. The golden angle was obtained by a group of teachers examining the sunflower leaves,
then finding fractions of 360° using ratios of alternate Fibonacci numbers :
1,1,2,3,5,8, 13, 21, 34, 55, 89, ...

_;_ X 360° = 180° % X 360° = 137.14...°
1 x360° =120° 13 x360°=137.64..°
3 34
2 X 360° = 144° 21 x 360° = 137.46...°
5 55
3 X 360° = 135° 34 x360°=137.52..°
8 89

15 o _ °
> X 360° = 138.46...° Tag 3007 =137.50

13

This gives us an infinite alternating sequence whose limit is the golden angle, about 137.5°
or 137°30'28". This is the angle that allows each leaf to be closest to the leaf below it in the
previous whorl and farthest from the youngest previous leaf above it; in other words, it
allows the leaf to get maximum sunlight. This number can be written as

2

(.618034...)° X 360 = % X 360 and is also |- 143 X 360.

2

7. The cutting of the segment AB at C

h3 1

A & Y
L *

A, C B

the whole segment AB thelarger segment AC
such that =
thelarger segment AC  the smaller segment CB

If we call the larger segment x, the smaller segment, 1, then the whole segment is x + 1.
We can write this equation in x using the proportion above:
1. X1 X o equivalently, Mult. both sides by x

x 4. x2 =x +1
2. x = X+ , -1 from both sides
. : . 5. x=x" -1
N = byx on the right side % from both sides
XX 6.x°- x-1=0

We solbve this equation in various ways in Ch. 8. Barbara and Jenny used the quadratic
formula to solve version #6 later on.
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8. The pentagon

There will be other things you find, but here
are some things Barbara and Jenny, 9th
@+1 @+1 graders at the time, found:

A smaller pentagon FGHIJ is formed inside,
but points in the opposite direction.

The sum of the interior angles of a regular
polygon is (n-2) X 180°
One angle of a regular pentagon is

(5—2)5x180° =108°.

There are only 3 different angles in the
pentagon, 36°, 72° (2 X 36°), and 108° (3
X36°) in the figure.

There are only 2 different shape triangles. The obtuse isosceles triangles like HCD, of
only two sizes, and similar. The other shape triangles are the acute isosceles triangles
of three sizes, and these are similar triangles also.

C

| & A A
[N A / \

. O N (o) . o
We found also that SN2 =g =16, ; SN108 -4 gpg sn108 4
sin 36 sin 36 sin72
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The acute triangles at the right taken out .
of the pentagon, all have the same C
angles 36°, 72°, and 72°, therefore are

similar triangles (do the eye test). They ? 7
are isosceles triangles (2 sides equal). It G H / .
turns out they are golden triangles c ‘ x/ 20+

because the ratio of the longest side to /\ !
the shortest side £2 = the golden mean

3+1 Vo /
GH ? / \?
~1.6. We used the symbol @ (the Greek 7 \ f’
J @‘4'1

B *+H
letter phi) to represent it. So we let @ = B+1

CH and GH =1. A E

Since triangle HBC is similar to triangle GCH, the sides are proportional, therefore they

said the following proportion must be true: % = BC and 2 _2*1 From that,

HC 1 %)
o = g+1. g+1 is also the length of the side of the pentagon. Triangle ACE is also similar

to triangle GCH so the following proportion is true: —?- _208%1 _ 20*1 and therefore o° =

2
o+1

20+1.

Extending the lines, Barbara and Jenny found o' =30+2 and g’ = 50+3.
They saw a pattern in the powers of g and wrote a computer program which printed out:

5°=50+8 B =@+ 2 gl =13+ 10 8% =3-342
; . - 2 55 .

9 =35+ 5 g = 15+ B =@+ 1 37 =53 +3
30 =2.5+73 30 = 0@+ a3 = 2@+ 1 3% =83+ 5

... AND YOU SHALL MEET A HORRIBLE FATE... YOU SHALL SPEND ALL ETERNITY
FINDING POWERS OF PHI...

9. Barbara and Jenny solved this quadratic equation g -0-1=0 they got above,
using the quadratic formula:

- 2 - 2
- 4
X1 b+1'b 4ac | ) b - b® - 4ac

2a 2a

where a =1, b =-1 and ¢ =-1. They got o,

- 1+2«/§ = 1.61803... and o, = 1_~2£ = -0.61803... They realised that o, + @, = -1

and g, + 2,=1
Lintzjs and | wrote a program on the FX7000G to solve any quadratic equation
ax +bx +c=0if we putina, b, and ¢, using the quadratic formula. Try that.

What happens if you draw the diagonals of this smaller pentagon? Make up other
questions.



Ch. 7 page A144  cCailculus By and For Young People - Worksheets



Calculus By and For Young People - Worksheets Ch. 8 page Q145

Question worksheets for chapter 8
"Solving Equations, Infinite Continued Fractions and lteration "
See also Don's videotape "lteration to Infinite Sequences with 6 to 11 year-olds"

1. Make this equation or open sentence true, by guessing:
2. X +3=17
What does this mean? We're looking for a number to put in for X so that when we multiply

it by 2, then add 3, we should get 17. Notice that the X is not a times sign, it's a variable,
holding the place for a number. The dot (+) here means multiply.

Let's try 5 in for X, 25+3 217 is2:5+3 equalto 177 2:5=10
10+3 217 is10 + 3 equal to 177

13 : 17 is13 equalto 17 ? No. 13 =17 s false.

So 5 doesn't work. Is 5 too big or too small? 5 is too small because we get 13 on the left
side of the equation, and that's smaller than 17. What shall we try next? 7. OK.

27 +3 217
14 +3 =17
17 = 17 and this is true.

So 7 is the number that works, it makes a true statement, 7 is the answer to
2:X+3=17.

Guessing is very important, for at least 5 reasons:

1) you start off right away.

2) it gets you into the problem, you don't have to think "I haven't been taught this, so | can't
do it " attitude and then feel you have to wait for someone to tell you how to solve it.

3) you can solve many equations this way, not a trivial few. Don't be discouraged if you
guess wrong the first few times; keep trying, you can do it.

4) you'll also get better at guessing. And

5) you might even come up with different ways to solve the same problem, which would be
very good.

Now solve these equations, make these open sentences true:
2) 2.X+3 =18
3) 3:X+5=11
4) 3X+5=12
What could you change if you made up an equation like these?
Make up some equations like these for a friend and have a friend make up some for you.
You might want to change one thing at a time to see what happens. See if you can find

some patterns. Stay with one variable, in chapter 6 we dealt with graphing equations with 2
variables.
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If you make up these equations which have a pattern

7X+5=11
8X+5=11
QX +5 =11
10X + 5 =11

is there a pattern in the answers?

You make up some equations which have a pattern in them, and find a pattern in the
answers.

Generalize to get the answer to all equations of this form: a-x+b=c¢

Generalize to get the answer to all equations of this form: a-X -b=c¢
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Make up an equation that has more than one answer. Stay with one variable.

2. Make up an equation such that all numbers will make it true.

An example of an equation that all numbers will make it true, is
2.X =X + X (remember the rule for substituting--in any one open sentence, you must put
the same number in for each of the same variables).

2:X =X+ X we'll put 3 -> X
2:3 =3+3 and that's true, so 3 works
24 =4 +4 and 4 works

25 =5+5 and 5 works

...every number will make this open sentence 2:X =X + X true. This is a special open
sentence or equation, called an identity.

Make up lots of identities! See how many your friends can make up.
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Are all of these identities? Which are not identities? Why?

[1] X+X+X= 3X [2] 3+(X+5)=3.X + 15
[8] XeX=2:X [4] X+X—-X=X
[5] 2’323'2 [6] X__,y:x+'y
7] 227 = 2" 8] X +y = X+t
[9] X+0=X [10] X +1 = X
[11] (X +0)+1=X [12]3-5=5—-3
[13] {x2+y2 - X+y [14]ab=ba
[15] 3+X+ 0 =3.X [16] ~(x)=x
[17] 3:2=3.1 [18] A-AY = AXY
[19] X_y:_y_._x [20] 3(X+4)+2 =5X+12
[21] (X +Yy)?2=x2+y? 22] 3eX + 2:X = 5eX
[23] 8+X= X+8 24] 3.X + 2 = 5.X
[25] a+b=cC 1

]

[
[
[26] "(X-y)=X+Yy
[

[27] (X —y)?=x%2—2Xxy +y? 28] 2+ (x—-2+x)=0
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Make up an equation that has no answer!

3. Solve this equation with X's on both sides, by guessing:

(Remember the rule for substituting... whatever number you put in for one X, you must
put in for all the X 's in any one equation).

Look for a pattern in how far apart the left and right sides are after you substitute numbers
in for X.

5). BuX + 3= 2:X + 27

Your answer for 5).
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Let's try some numbers in for X in equation 5).
BeX + 3 = 2:X + 27
Suppose we try 4 -> X, to see if this makes it true

5ud +3 2 2.4 + 27
20 +3.8 +27

23 135 thisis false and the two sides are 12 apart (35-23=12)

Suppose we try 5 -> X,
55 +3 - 2.5 + 27

25 +3 .10 +27

28 .37 is this true or false? False, but the two sides are only 9 apart

(37-28=9) now. We're getting closer. Try to find a pattern to how much the two sides are
apart as we go up 1 for our guess number.

Go getiit!

Now solve these:

6) BeX +5=5x+7
7)4eX +3=2:X+14
8) BeX + 23 = 2.X + 29

Make up some equations like these for a friend and have a friend make up some for you.

Make up an equation like this where the answer will be a negative number.
Make up an equation like this where the answer will be a fraction.

Generalize to get the answer to all equations of this form: asXx +b =c.x + d
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4. Solving quadratic equations, by guessing

There are 2 numbers that will make this one true: X?— 5.X + 6 = 0 . Let's try a small
number, say 4

We'll put 4 infor X; X2—5.X+6=0
4° — 5.4 +6 = 0 is this true or false? 4°=16, 5.4 = 20, so

16-20 +6 0 and 20—16 =4, so16—20="4, so

4 + 6 : 0 this statement is False, because 4 + 6 =72, not 0

So 4 does not work, does not make this open sentence true. It's not far away though!

Let's try 2-> X
X2 —BX+6=0
22 _B5.2+6 -0

4 — 10 +6 : 0 is this true or false? Let's see, 4 —10 = 6 and

6 +6 - 0 whichis True.

So 2 works, 2 makes our equation true, 2 is one solution of our equation.

It turns out that there is another number that works. See if you can find it. Once you know
the 2 numbers, there is a secret way of solving equations like this.

The other number that makes X% — 5.X + 6 =0 true is
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So... look at the equation and the two answers, the two solutions, the two numbers that
make it true. This is the point where looking for patterns becomes important because it can
make our work easy.

X*—5.X+6=0 {2, 3)

How are the 2 and 3 related to the 5 ? How can we get 5 from the two answers, 2 and 37
How can we get the 6 from the answers 2 and 3 ?

See if you can solve these equations, quickly and easily. Do you think you know both
secrets? Don't tell, if you do. Check the numbers in each case just to make sure:
X2 —8X+15=0{ , }

X =7Xx+10=0 { , }
Watch out, there are really 2 secrets!
X2—10Xx+24=0 { , }

X2—11.X+24=0 { , }
X?—25.X+24=0 { , }

Make up some like these for a friend. You might want to choose your two answers first,
then make the equation from those numbers. Don't try to make them too hard right away.

Have your friend make some for you to do.

This one has one answer that is a whole number. Try it.
XQ—G%-X+9=O {,
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5. Using a balance scale model and transform operations to solve

5eX+3=2.X+18
An equation like this can be modelled using a balance scale.Think of the X 's as bags of
washers (flat disks with a hole in the middle). For this equation 5 bags (5:X ) of washers

and 3 loose ones, balance (=), 2 bags of washers (2-X) and 18 loose ones. Make the
equation simpler by taking the same amount of things off both sides, thus keeping the scale
balanced, and find how many washers are in each bag (solve for X).

removing 3 loose washers
from each side

T
NI
Y j - \_;
L]
S¥al = 28 +15
removing 2 bags
/ from e;ch =ide
/=%
Ty | 55
vl = 15 | if 3bags contain 15
loose washers, each
A = 5 bag contains 5

There must be 5 washers in each bag then. So X =5. 5 is the solution of this equation 5.X

+ 3 = 2.X + 18. To check our answer, put 5 in for X, 5¢5 + 3 = 2.5 +18, 28=28, so 5 works.

The nice thing about these equations is that you can check yourself and you can tell if you
are right or not.

Make up some balance pictures to solve these equations
BeX +7 = 4eX + 15
8eX +12=2:X+24

The equations 5¢X + 3 = 2:X + 18 , 5.X = 2.X + 15 and 3.X = 15 all have the same answer

and are equivalent equations. What things can you do to make equations equivalent
(besides subtracting the same thing from both sides)?
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6. Iteration or Feedback
This is an idea that was new to me just a few years ago. It's important in such studies as
chaos theory and fractal geometry. It's interesting and surprising, and fun.

Wel'll start with the function 3.X . Put a number in for X, get the answer, then put that
number back in for X again. Continue that procedure, forever. What happens?

3:X we'll start by putting 2 -> X
3.2 =6, then take this 6 and put it back in for X

3.6 =18
Listing our numbers... 2, 6, 18, 54, 162, ... What's happening?
If we write these 2, 23, 233, 203033, 2033:3.3, ...
or with exponents ~ 2.3%,  2.3", 2.3?, 2.3%, 2.3% .., 2.3" (the nth term),...

This is an infinite sequence which has no limit, it just gets bigger and bigger. Notice that if
you don't write the answer with a single number, you can see patterns and
generalize easier.

Now you try iterating the function 10.X and start by putting 4 -> X . Write the first 5 terms,
and generalize using exponents for the nth term.

Now we'll investigate an application of this iteration or feedback process: If the population
of a town increases 10% each year, starting 1000 people, what would the population be
after 3 years? n years? (Compound interest can be done similarly, see chapter 11).

A teacher made up this interesting function to iterate: 5 + % . Start with 0 and do 10

iterations; see what happens. Make a graph of the sequence you get.



Calculus By and For Young People -- Worksheets Ch. 8 page Q155
If we start iterating

5+ 3;— with 0 in for X, for example, we get

5+% =5+0=5, thenput 5backinforX

5+2 =5+21 =171 then put 71 back in for x
2 2 2 2
71 71

5+-2=5+32=83 (_2=1of7+1 of 1 =31+1 =323) Now put 82 back in for x
2 4 2 2 2 2 2 4 4 4
g3

5+ 4 =5+43 =93 nowput 92 back in for X
2 8 8 8
93

5+_8 =5441 =41 ,nowputgll back in for X , and so on
2 16 16

Let's look at our sequence of numbers:
0,5 71,82, 93 oM
2 4 8 16

or as decimals, 0, 5, 7.5, 8.75, 9.375, 9.6875, 9.84375, 9.921875, 9.9609375, 9.98046875,

We have an infinite sequence. What's happening? What is it going to?
Graph the number of iterations vs. the number in the sequence, starting with 0.

graph of N
1 iterations of 5 + %
12 .. starting with 0 _ o
The graph at the left is the beginning
10 of the graph of this sequence that we
8 just obtained by iterating 5 + 222 and
second number

15 5, 30 point is starting with 0. Complete 10 points
. e a+2 5» on the graph.

output number
h

Use a calculator and try other

numbers to start--negative numbers,
big numbers..see what happens.

4 &t & 1 Graph the sequences.

f niumber of iterations

starting number

or first number iz 0,

point at 1,0

&
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6

< then graph the input number vs the output numbers.

Starting with 1->X we get % =6, then % =1,thenwe get6, 1,6, ...

lterate

Start with other numbers, see what happens.

If we graph the input X's vs. the output
X's by plotting the points (1,1) and
(1,6) because starting with 1 we get 1
and 6 as output numbers, then (2,2),
and (2,3). These are plotted on the
graph at the right. Plot other points and
look closely at the graph to see what
we have. It's very interesting.

1 1 h

1
L]

output =
Lo 6 O O o s |

" i
21 2 3 45 a6 7

input ¥

What would happen if we iterate % ? Try that and see what happens. Graph the input X's

vs. the output X's. Any surprises? Where do the graphs intersect?
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7. Continued fractions:

My interest in infinite continued fractions came from looking for different methods to solve
quadratic equations, which we will do shortly. Then | found | could write 2 , the golden
mean (@) and = as infinite continued fractions . Also there are so many patterns within
them. The infinite continued fraction gives one the ability to find an infinite sequence of
approximations that converges and we can program the computer to do this. First we'll look

at finite continued fractions; any ordinary fraction can be written as a finite continued
fraction.

Change %g’— to a finite continued fraction:
43 14 1
= = 1 + 1 = 1+ - = 1+
29 29 28 2.

14 14

1 , the answer. You continue until the remainder of

the reciprocal of the last fraction is zero, so —114~ =14 with remainder 0.

Change % to a finite continued fraction:

—5—2—=2+—6—:2+——213 =2+ 15 =2+ 11 =2+-——————11 , the answer.
23 23 —_— 3+ — 3 +— 3+
6 6 s 1+_1_
5 5

Now you try changing each of these to a continued fraction: a) 193— b) 2L C) 163
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1

To change this continued fraction 3 + ;

to a simple fraction, start at the bottom. 5 +

5+ —
2
=1
2 2
weget 3+ 1 and since —— =%
e LT
2 2
(% means the reciprocal of 11 whichis 2 —111—— also means "? «1L =1"_The?
i 2 a 2
2 2

can be replaced by 2 since 2.1 = 1)
11 1M1 2

soweget 3+ 2 = 3i = 3% all correct names for the answer.
11

11 1"

Change these continued fractions to simple fractions:

1 1 . 1
a.) 1+ T b.) 3+ 3 pc) 1+
2+ 14 1 e —T
5 2+ — 1+
4
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8. We're going to solve the quadratic equation X° - 5X+ 6 = 0 in many different ways.
In doing these different ways, | learned about, what was for me, a whole new area of
mathematics -- iteration. When my students do new and different things, it can be very
exciting.

Method 1. By guessing -- you did that above and hopefully figured out the 2 secrets and
that the two solutions, the two roots of the equation X* - 5X+ 6 =0 are 3 and 2 .

Now we're going to solve X? - 5x+ 6 = 0 for X using some algebra (transform operations--
by adding, subtracting, dividing, etc., like we did using the balance pictures).

Start with X?- 5X+ 6= 0

End up with X = something (Note: this something could have an X in it!)

Try it by yourself, try it with a friend, see what you come up with.
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Method 2a. You probably came up with a fine solution see how yours compares with
Jonathan's solution (he also does it on the videotape "lteration to Infinite Sequences with 6
to 11 year-olds"):

Jonathan, age 7 at the time, solved X? - 5X+ 6= 0 using some algebra this way

X?-5X+6=0
subtract 6 from both sides
X?-5X="6
add 5X to both sides
X? =5X-6

divide both sides by X

- 6
X"S"T Eq. 1

That's terrific! Now comes an interesting part, the iteration. Since a name for X is 5 - 6

X
by Eq. 1, we can then substitute 5— —g— back in for X, on the right side. We get

Eq.2: X=5 - 6 5 and then just continue this feedback or iteration process.

°Tx
Eq.3: X=5- 6

5— _—

X
Eq.4: X=5- 6 5

5~ -

5.6

and so on. This then, if we continued forever, is an infinite continued fraction, unusual,
interesting. What would the next continued fraction, Eq. 5, look like? And what would you

get for X if you put 1 in for X on the right side of each of these equations 1- 4?
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What are we doing? We're looking to solve the quadratic equation X? - 5x+ 6 = 0. This
infinite continued fraction represents a solution...how? There are a couple of ways to work

with these. One way is to guess a number, say 1, put in for X on the right side in Eq. 1. We

get the first approximation, 1. Then we again put our first guess, 1, in for for X on the right
side in Eqg. 2., and so on. This gives us an infinite sequence of rational numbers 1, "1, 11,
4.454, .., 3.653, 3.358, ... that converges to 3. The other, and simpler way, is to just use 5 -
xi in the following way:

Method 2b: Let's iterate 5 - xi If we start with 1, we get 5 - % ="1; then put "1 back in

for X, and get 5 - —6~ =11; then put 11 back in for X, 5 - -1%- = %i = 4.455; if we continue
1

this process forever we get the same infinite sequence of rational numbers (out to 3 places;

| use the common fractions, which are exact, to do the calculations, then write the decimal

approximations, otherwise | wouldn't get as accurate results):

1, 11, 4.455 or%, 3.653 or Jggi 3.358, 3.213, 3.133, 3.085, 3.055, 3.036, 3.024, 3.016,
3.010, 3.007, 3.005, and it gets closer and closer to 3.

Use your calculator, or write a computer l?
program to put in different starting numbers *
and get the sequences and their limits. i

At the right we've plotted two starting
numbers and the limit of the sequence it goes
to. So for point (1,3), 1 is the starting number

which upon iteration of 5 - xi forms a
sequence whose limit is 3. (2,2) is on the

graph because 2 goes to 2. Graph other
points on this graph.

limit of sequence

+ + t e i
-1 ] i 2 3

Are there any numbers which will not form a _
quess nurmber or starting number

sequence and go to a number?
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Method 2c: On —l—" graph paper, graph y=5 - _)((3"( from X =710 to X =12). Then plot the
points whose coordinates are the successive numbers in the sequence starting with 1

above -- (1, 1), (11,11), (11, 4.455), and so on and connect these points with straight lines.
An interesting thing happens.

Method 2d: Graph these three equations y =5 - xi andy =5- 6
5— =

X
and y= 5- 6 ( from X =1 to X =3.5). Where do they intersect?

2
Method 3: Solve Xx?-5x+6=0toget x =X 5+ 6 Write a program to iterate the right

side and see what happens. Graph the limits of the sequences as we did above and make
an infinite continued fraction.

Method 4: Solve X?-5x+6=0to get X = x——65 . Write a program to iterate the right side

and see what happens. Graph the limits of the sequences as we did above and make an
infinite continued fraction.

Method 5: Solve X?- 5%+ 6 =0to get X = v/5x - 6 . Write a program to iterate the right

side and see what happens. Graph the limits of the sequences as we did above and make
an infinite continued radical.

Method 6: Jeff, a 5th grader and Greg, a 4th grader used a calculator in solving
X2 - X-1=0. Try it. What are the two roots?

Using Method 2a: Solve X? - X - 1 = 0 for an infinite continued fraction.
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We got the infinite continued fraction g1+ —

for @ from the equation 1 I

X? -X-1=0.We added X and 1 to |

both sides to get Xx? =X+ 1. Then z e s
we divided both sides by X to get

X =1+—)1(—. We then put 1+—1X—. in for
1

1+ —
X

X again,toget 1+ and >

continued this process. On the way we graphed y =1+%, y=1+_1 ; andy =X as

1+ —
X

shown on the right. These two hyperbolas and the straight line, all intersect at the two

points (1.618, 1.618) and (' .618, .618) which are the two solutions of the equation

X? -X-1=0and are ¢ and &' (see chapter 7). The infinite continued fraction for @ is:
g=1+ L

14+ 2

The normal school ways of solving X* - 5x+ 6 = 0 are Method 7 factoring, Method 8
completing the square, and Method 9 using the quadratic formula, as Barbara and Jenny
did in chapter 7; we will not go into using methods 7 and 8 here; they are in most algebra 1
texts.

Method 10: Graph X? - 5x+ 6 =y from X=0 to X=4. Where does the graph intersect the Xx-
axis? What do you notice?
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Method 11: Bill Walton when at Webster
(in the '60's) had used this method. Then
David Fielker from London recently, after
"browsing" in my book, told me about this
method of spiralling in on the intersection

of these two graphs and one solution of X?

-X-1=0. You start one graph and
"bounce off" the other. . Each time you get
a closer approximation to the intersection
point. David said, " You can use the same
method for solving simultaneous
equations, though you get an awkward
case when the lines are at equal but
opposite angles! One of the nice things is
that all these iterative methods, which are
eminently suited for calculators or
computers, can be used for practically any type of equation, and | always resented the
formula for quadratics, which never generalized to anything else. Some of the iterations
have a lovely effect on the calculator. As you press the same sequence of keys again and
again, more and more rapidly as you get used to them, you really get the FEEL what
iteration is!"

e -

-

Try this yourself. Start with the example shown above with X =1.1 andy =1.1. You might
even write a program to do this, which | have not been able to do yet. lan did a version on
Mathamatica.

9. Using iteration to solve a linear equation

One of the most interesting ideas came up when | was working with Sean, 8 years old at
the time. | made up this equation off the top of my head (one like you may have made up
earlier). He solved it this way:

6X+5=2X+25

add -5
6X =2X + 20

+6 (unexpected)
x=2X+20 g 20 and

. -1 1
Eq. 8: X~?X+3?
He then said since x=%x + -g—x, (%x+ %x = %x=1x)then
: %x = 3_;_ and multiplying both sides by %, he got

X =5 Terrific.
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| then looked at Eq. 8 and saw X's on both sides and thought, hmmmmm, could we iterate

this like the quadratics above. Try it. Put the right side of Eq. 8 in for X on the right side and
keep doing that forever (don't do any arithmetic).

The first iteration of Eq. 8 look like this:
- 1(1 1 1
Xx= (5Xx+35)+ 35

See if you get an infinite series (don't do any arithmetic).

10. Using iteration to solve a cubic equation
Another Jenny, finished 5th grade, had done many of the ways above of using iteration to

get the solutions of the quadratic equation X2 - 5x+ 6= 0. When | gave her the cubic
equation, X = 8 to solve, what do you think she did? Try it yourself.

11. Infinite continued fractions to get = and e:

An infinite continued fraction for-%- An infinite continued fraction for e
) T (see ch. 11), by Euler, circa 1737--
by Lord Brouncker, circa 1658 -- see see Olds
Olds: 6= 24 1
4= 1+ ! ) - 1+ !
" 2+ 2 4 2
2+ 25 3 4
2 + 49 4 + 4
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Answer worksheets for chapter 8
"Solving Equations, Infinite Continued Fractions and Iteration"
See also Don's videotape "lteration to Infinite Sequences with 6 to 11 year-olds"

Equation solving, infinite continued fractions and iteration are very much intertwined ideas
and | am trying to sort them out for myself and for you. Unlike my original book, I'm starting
out to solve equations as | would do with 6 year-olds and up. Then | introduce the idea of
iteration, then infinite continued fractions, then the solution of quadratic equations many
ways, using iteration and graphs, then get to the solution of a linear and a cubic equation
using iteration.

1. Solving equations by guessing
Solve these equations --that is, make these true:

2) 2.Xx+3 =18
7 is too small, and 8 is too big. Let's try 7%

2-7% +3 18 Let's see2-7%is14—;-..oh no, 2-7%=15 because 7%+ 7—;—=7+7+

So 2-7%+3=18

15 + 3 =18 and this is true, so the answer is 7%

3) 3:X+5=11 {2} the answer is 2, which we'll put in the wiggly brackets.
4) 3eX+5=12 {2%}

Make up some equations like these for a friend !

What can you change in the equation?

The + to a -, like 3¢Xx-4 =19

The « to a +, like —)32— + 2 =8 Notice, it's probably better to write 3+X as % because it's
more commonly used that way.

Look at the patterns in the answers:
7X+5=11 {g}; 8X+5=11 {%};9-x+5=11 {%}; 10X + 5 =11 {%}

Generalizing for all equations of this form: a-xX+b=c¢ { C;b Yor x = °=P

Soifwe put7infora, 5inforband 11 inforc, we get X = —C—;—b = 1—17;5— = —g— , Which is
the same answer as for one of those equations above.

Generalizing for all equations of this form: a-X -b=c¢c { c+b y or x =Ltb

a

This equation that has more than one answer: X*=16 , the answers are 4 and sup5(-)4

because 4«74 =16 = 16. If you have a question about this, look at the pattern in the
problems below
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1.74 = "4 (because 1 times any number is that number)

0«74 = 0 (because 0 times any number is 0)
As the number on the left comes down 1, the answer on the right goes up 4. Keep that
pattern going for the next one

“1.74 =%4=4. and eventually,
4.74=%16=16.
2. Identities: An equation for which every number will make it true like 2 «X =X + X , is
called an identity.

2X =X+ X because 3 works
23 =3+3 and 4 works
24 =4+4 and 5 works

2.5 =5+5
Which 6f these are identities?
[1] X+ X+ X= 3X yes [2] 3+ (X +5)=3.X + 15 yes

[3] XeX = 2:X no [4] X +X—X=X yes

[5] 2:3 =32 no

[6] X — y X+7Yy yes
[712%«2Y = 22V yes [8] X X-7 yes
[9] X+ 0 =X vyes [10] X+1 =X yes
[111(x+0)+1=x" yes [12] 3-5=5-3 no
[13] 1/x2+y2 =X+Yy no [14] ab =ba yes
[15] 3+«X + 0 =3:X yes [16] ("X)=X vyes
[17] 3+2 =3+ f(1,2) no [18] AX+ AY = A vyes
[19] X_yzy_._x no [20] 3(X+4)+2 =5X+12no
[21] (X +Yy)?=Xx%+Yy? no [22] 3eX + 2:X = 5.X yes
[23] 8+X= X+8 no [24] 3eX +2 =5:X no
[25]a+b=C no [26] -(X___y)zx+y no
271 (x—y)?=x2-2xy +y? vyes [28] 2+ (X—2+X)=0 yes

If you use 2 variables, like 2X + 3 =Yy you can find an infinite number of pairs of numbers
that will make this true, as we saw in chapter 6. But not every pair of numbers will make

this true, like 2->X and 100->y will not make a true statement.

This is an equation that has no answer: X +1 =X

6) BeX+5=5X+7 {2};7) 4X+3=2X+14 {5%}; 8) 5eX+23=2.X+32 {3}
An equation like this in which the answer is a negative number would be:
B6X+15=5.X+7 {8}
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For the general equation ax + b = cx + d the solutionis x = 4-P

a-—-=c¢

4. Quadratic equations by guessing
X?—8:Xx+15=0 {3,5)

X2—=7.X+10=0 {2,5)
Watch out, there are really 2 secrets!

X*—10:X+24=0 {64}
X*—11X+24=0 {3,8)
X?—25X+24=0 {124}

This one has one answer that is a fraction. Try it; X* — 6%~X +9=0

5. Using a balance scale model and transform operations to solve
BX +7 =4.X+15 {4}

removing 7 loose washers
from =ach side
bl

@ /’\

6F +7 = 4 +15 68 = 4¢ + 8
@ 7 r\emovir}g4bags
\ from each side
\ e
- —~
27 -

8 divided both
X = 4 sides by 2
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The solution for 8.X + 12 = 2.X + 24 is {2}, the balance pictures below.

took off 2 bags from each side

@ f'\. A took off 12“ loose

4 .
washers from each side

12 divided both
K = 9 sides by 2

The equations 5¢X + 3 = 2.X + 18, 5.X = 2.X + 15 and 3:X = 15 all have the same answer
and are equivalent equations. These things you can do to make equations equivalent :
Subtract the same thing from both sides
Add the same thing from both sides
Divide both sides by the same thing (as long as you don't divide by 0)
Multiply both sides by the same thing
Take the square root of both sides
6. lteration or Feedback

If we iterate the function 10-X and put 4 -> X . The first 5 terms, and generalize using
exponents for the nth term is arrived at like this:

10-X we'll start by putting 4-> X

10-4 = 40 , then take this 40 and put it back in for X

10.40= 400

10+400= 4000

Listing our numbers... 4, 40, 400, 4000, What's happening?
If we write these 4, 4.10, 4410410, 410410410,

or with exponents  4.10°, 4.10", 4+102, 4.10% .., 4.10" (the nth term),...
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If the population of a town increases 10% each year, starting with, a population of
1000, what would be the population after 3 years? n years?
Start with 1000 people. 10% of 1000 = 100, which is the increase. So after the first year the
population is 1000 + .1.1000 = 1000 + 100 = 1100 = 1000+1.1, because 100% + 10%=
1+.1=1.1. Again, being able to write the answer different ways will help us find a
pattern.
After the first year the population is
1000 + 1000+ .1= 1000 + 100 = 1100 = 1000 (1.1)
After the second year the population is
1100 + 1100..1= 1100 + 110 = 1210 = 1000- (1.1) 2
After the third year the population is

1210 + 1210 .1= 1210 + 121 = 1331 = 1000+ (1.1)®
After the nth year the population is .................... 1000- (1.1)"
So we have a problem exactly the same as the iteration of the function 1.1X, starting with
1000 for X
(See chapter 11 to see how the compound interest can be done similarly).

Iterating 5 +§ : Starting with 10 -> 10; starting with 8 we get the infinite sequence 8, 9,

7-;-, 8%, 9%, 91—2, ... which goes to 10 as the limit. Seen these fractions before?

graph of
* 10 iterations of 5+§4
12 _ starting with 0 Let's Io?k at ’;he nl;mbe1r1s we get startlr'19 with
0,5, 7—, 8=, 9=, 9—, ... or as decimals,
10 . b E 2 4 8 16
. 0,5,7.5,8.75, 9.375, 9.6875, 9.84375,
g8 9.921875, 9.9609375, 9.98046875, ...

Something Alison and | noticed, look at the

* differences! They start with 5, then they are
halved each time. So the differences get smaller
and smaller and approach 10

output number
[yl

=3 ¢ & 1o

riurnber of e
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Starting the iteration of 5 +§ with 717, 73.5, 3.25, 6.625, 8.3125, 9.15625, 9.578125,
9.7890625, 9.89453125, ... ->10

10 iterations of 5 + g— , starting with =17

. 104 . . . . . .
£ g *
I i *
=
= i L i 1 n .
El 2 4 & 8 10
5 _gl *
= number of iterations

_1D L

_15 L

*
._.2]:] L

Starting with 156, 83, 46.5, 28.25, 19.125, 14.5625, 12.28125, 11.140625,
10.5703125, ... ->10. At this point, | 'm willing to say that in iterating 5 +§,

every starting number forms a sequence that goes to 10.

Iterate 6

X

Starting with 2, we get -62_ =3,then2, 3,2, 3,..

Starting with 4 we get 1 % 4, 1% 4, ..

Starting with 1 we get 1, 6, 1, 6, ...
Starting with 3 we get 2, 3, 2,...
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6
X

" |

The graph of the iteration of

7 A
of * » t

= 5 . Eh

g4y - - 41

= =

[ L I -
217 R 2
14 = * 1 e,
oF — (7)o -
01 2 3 45 6 7 o1 2 3 45 867

input ®

Learning new things always gives me a surprise and is enjoyable. | had never seen a
graph like this before! If the the points are connected, this turns out to be 2 graphs, the

graphs of y = xi and Yy = X . The point of intersection is (V6 ,v6 ) !

Iterating 9_ would be similar to the one above. The graphs would intersect at the point

X
(3,3)

7. Change each of these to a continued fraction:

13

4 1
a.)————=1+'—=1+———-:1+
° 9 2 2+
4 4
b.)2—7—=2+—7—=2+-—1—=2+ L =2+ 1 =2+ 1
9 9 2 1+ -2 1+ — p—
7 7 7 341
2 2
163 19 _ 1 = 1 - 1 -
C.) 4 =3+ 45 =3+ 3+ o, 3% 1
== +— 2+
19 19 19
10
=3+ 11 =3+ 11 =3+ 11
2+ 2 + 2 +
1+i 1+ ! 1+ L
10 1
10 10 1.



Ch. 8 page A174 Calculus By and For Young People -- Worksheets

Change these continued fractions to simple fractions:

1 5 _ 16
a)1 + =12 = 2
>, 1 11 1
. _,9 _ 48
b)3+ - T =393 =73
* 1
2+_4~
c)1+ L =1-§- =% Does this last one look familiar? It is an
1+ ]
1 +—

approximation to the golden mean. What continued fraction would be a better
approximation?

8. Solving quadratic equations 11 ways!
I don't think any student should be forced to go through all of the 11 methods. Encourage
questions, new ways to do the same problem. See Linus' and Grant's work below.

Method 2a.
Eq.5: X=5- 0 and if you put 1 in for X you'd get 3.358...
5 - - 5
5 - 6 .
° T x
Computer programs FX 7000G Mathematica Basic
to iterate the
function ?->x: glx_]:=5-6/x 10 INPUT X
5- 6 onthe Lbl 5: N[NestList[g,1,20],10] 20 for N=0 to 20
X 5-6+ x -> X A 30 X=5-6/X
FX7000G, in Goto 5 (you define the 40 Print X
Mathematica and in  (press EXE to get function, it starts with 50 Next N
BASIC the next 1-> x, iterates 20 70 end
approximation) times and gives 10
digits for each
number)

Jonathan then used the program above on the FX7000G to iterate

5 -—x@—. Starting with 1 he gets an infinite sequence 1, 1, 11, 4.4545..., 3.6530, 3.358,...that
converges to 3. It turns out that an infinite number of starting numbers go to 3. Only 2 goes
to 2.

Starting with 17, we get 17, 5.35294, 3.87912, 3.45326, 3.26251, 3.16093,
3.10182, 3.06565, 3.04283, 3.02815, 3.01859, ... which converges to 3

Starting with 420, 4.98571, 3.79656, 3.41962, 3.24542, 3.15124, 3.09599, 3.06201,
3.0405, 3.02664, 3.0176, ... which converges to 3.
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Starting with 2.0003, 2.00045, 2.00067, 2.00101, 2.00152, 2.00227, 2.00341, 2.0051,
2.00763, 2.0114, 2.01701, 2.0253, 2.03748, 2.05518, 2.08055, 2.11615, 2.16466, 2.2282,
2.30724, 2.39949, 2.49947, 2.59949, 2.69185, 2.77105, 2.83476, 2.88342, 2.91914,
2.9446, 2.96237, 2.97459, 2.98292, ... which surprisingly still converges to 3. | went out 30
iterations before | would really believe that starting with a number so very close to 2, like
2.0003, still formed a sequence that converges to 3. Amazing!

If we start with 0->Xin 5 - —6— ,we get 5- 2 and - has no answer since no number

times 0 will give 6. We also say "it blows up", because as the denominator of a fraction
goes to zero, the fraction gets bigger and bigger and goes to infinity.

For a while | thought 0 was the only number that gave no answer, then | found % which

goes to zero on the second iteration and Jerry made me realize there must be other

numbers like 30 . Since5--8%_ =5- 19 = g and | knew & 2 made it blow up. Now the
19

question stuck in my head, how could | find these numbers that made the function blow up?
By just saying what number will make 5 - S =0, | was able to Calculate . Then | asked

what would make 5 LR %? This gave 738—. Then | wrote each of these fractions in terms
X

of the 5 and 6 in the original equation, and there were patterns, but it was getting unwieldy
and tedious. | thought there should be another, easier way. | thought about it this way: |

would let 5 -i= a, then solve this equation for X in terms of a, getting X = 56_3

did then was to iterate this function z ‘i ~ starting with a=0.

FX7000G in Basic
That did it! | wrote a program on the 0->A: 10 for n=0 to 20
FX7000G and in Basic to do the iteration: Lbl 7: 20 A=0
6+ (5-A) -> AA 30 A=6/(5-A)
Goto 7 40 print A
50 Next n

Now here is another surprise... these numbers that make 5 - xi blow up, form a sequence

themselves, that converges to 2. Wow! Here are the first 20: 0., 1.2 (%) 1.5789 (—?—g-

1.7538 (%;-), 1.8483, 1.9037, 1.9378, 1.9594, 1.9732, 1.9823, 1.9883, 1.9922, 1.9948,
1.9965, 1.9977, 1.9984, 1.9989, 1.9993, 1.9995, 1.9997,
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5 114
0 5 i3 ”j;
The graph of the guess numbers or P ,/
starting numbers to iterate 5 -3% vs the & \ * ;/
. . -—miife— i m— 1 ——-
limit of the sequence formed is shown at 2
the right. Notice that there are an infinite = 1 .
number of numbers that converge to 3, 2 z
goes to 2, and there are an infinite s
number of numbers (the holes) that ENT
make the function blow up. -
A R

guess number or starting number

Method 2c: When you plot the successive pairs of numbers in the sequence 1, 1, 11,
4.4545,... obtained from iterating 5 --)% starting with 1, which goes to 3, it looks like this on

the graph...The points move along the curve approaching (3,3). Another way of looking at
the situation.

I‘:‘,I
4
lerating 5- £ starting with 1,
then plotting successive pairs
AEE of numbers in this sequence
] T8 -
I
’_/_,,-/ i e

— 4 ! (5 (3.653,2358 ~~

S

/ 1 ; e (3 (11, 4.455)
y=5-4& . 31;__1_-—r \.‘@;55,3.653]
. "’ VS w M@ san
- . | kN ¥ Fe=
m.____\\—v (Tystart st \,j_g’g:, 10

]
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Method2d.Thegraphsofy=5-76-,y=5- 66 and y=5-———§—r
2 5 —
X 6
>~ x
are shown below. We get 3 hyperbolas (just one of the two pieces is shown for each)
and much to our amazement, they intersect at (2,2) and (3,3), the two solutions of the

quadratic equation
X*- 5X+6=0.

e (L

o]
8]
t

Grant's study, age 12

Grant changed the iterating function from - +5 to - +4 . He decided to take 1 from
X X

each number, which was great. He put 4 in for X and did the 20 iterations, asking for 10
digits of accuracy in Mathematica and got this sequence:

4., 2.75,2.181818182, 1.708333333, 1.073170732, -0.6590909091, 11.5862069,
3.568452381, 2.59883236, 2.07605905, 1.591590663, 0.8584887335, -1.824188257,
6.740945175, 3.258264254, 2.465440612, 1.97196494, 1.464457963, 0.5857674807,
~4.535810137, 5.102338909.
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We looked at this sequence. It didn't look like it was converging, so we decided to
graph the numbers, doing 500 iterations. The following was the result. Very
interesting!

- 100- © 200 . ‘300 * L4007, - B0O0

We then decided to connect the points on the above graph and this was the result:

IS = L o x

]
—f—"fd_‘-ﬁ_
—d—'ﬁ‘-ﬂ_'_
|

I
T

60 8 1do

After working on 5 - —x6— Linus, age 11, made an investigation of 5 -xi . He decided to try
different numbers instead of the 6. He tried factors of 6, multiples of 6, numbers that add to
5, prime numbers... he worked for a week on this. Try some things like this and see what
starting numbers go to what numbers. Do they always go to whole numbers as in the case

above? Can you always tell what the second root will be if you know the first one?
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Method 3:
x?-5x+6=0
add 5x to both sides
X2+ 6 = 5x
divide both sides by 5
X = X2+ 6
5

The graph of the guess numbers or starting numbers to

iterate X’ + 6 vs the limit of the sequence formed is

shown at the right. Notice, here every number between
"3 and 3 goes to 2. 3 and "3 go to 3 and everything

above 3 and below ~3 gives a divergent sequence
(goes to infinity). Notice that a computer program to
iterate the functions in each of methods 3, 4 and 5,

24

iteration of - &

1) F‘x

3 |

a

=

i 31 o
O 507 O

+

E11
+ : -
T2t o017 2 3

guess number

would essentially be the same as for that used for method 2. You would just change the

iterating function from say,

_ 6 x> + 6
Sox o5
Method 4: -
x?-5x+6=0 iterations of ——¢
add -6 to both sides
X*- 5x =6 7.
factor the left side 4
x(x-5)=-6
+(x-5) X 3+ ®
_ _6 el S Corim e i
X = o
X-5 Rid
The graph of the guess numbers or starting % 14
numbers to iterate x:65 vs the limit of the =
M T T T B S S

sequence formed is shown at the right. 3 goes to
3, 5 and an infinite sequence of number
approaching 3, put a zero in the denominator
and there is no solution, and all other numbers

go to 2.

quess number or starting number
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Method 5:
X2 - 5x+ 6= 0
add 5x and -6 to both sides
x*=5x - 6
take the \/— Of bOth SideS |ter3ﬂ0n3 of
Sx-B
X = 4/5x-6 /é:{
This is different. It doesn't give an infinite 5 a
continued fraction, but an infinite continued z 3
radical, something like lan had in chapter 3. “E 2 *
Do the iteration the same way, but just put £ 1
the radical in for x on the right side. The - Oyt =X
graph of the guess numbers or starting a s‘.number
numbers to iterate ,5x-6 vs the limit of the
sequence formed is shown at the right. 12

Using just the positive radical, numbers >1.2 go to 3, except 2 goes to 2. Every guess
number < 1.2 goes to complex numbers. Not only are the answers complex though, but all
(?) guess numbers < 1.2 form an infinite sequence of complex numbers which goes to 3
also! That was exciting to find out. In Mathematica | started with -37, iterated \5x-6 , 20
times, then showed the last 5 numbers: 3.10325 + 0.0304583 i, 3.08494 + 0.0246831 i,
3.07003 + 0.0201 i, 3.05785 + 0.0164331 i, 3.04786 + 0.0134792 i, ... Notice the real part
is going to 3 and the imaginary part is going to zero. Not more than 3 years ago when we

got Mathematica, | would never have even thought about being able to do this work with
complex numbers.

Method 6

Jeff and Greg solved X - X - 1 = 0 using a calculator by approximations, keeping track of
what is too big and what's too small. They ended up with 1.618034 to give 0. Jeff then said
"I suppose there must be another number" from knowing the fact that a quadratic has two
answers and he knew the two secrets. | thought that was great and told him so. He thought

about what the other number should be and said it should be -.618034. He figured that the

coefficient of X was "1, so he subtracted 1 from 1.618034 and made it negative. And of
course he was right. | then told him that this number was The Golden Mean and how the
ancient Greeks used that ratio to build the Parthenon.

Methods 7, 8 are in most algebra 1 texts; Methods 9: see ch. 7 for the solution by the
quadratic formula.
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Graphof ¥°-Sx+6=Yy

}‘"
A crosses the x-axds
: at 2and 3 which are the roots
Method 10. Graphing 5 \ \ ofthe equation
X? — 5.X + 6 = Y. The roots of the Y v=0) !
equation X> — 5.X +6 =0 are H's /
where the graph, in this case a 4 | \
parabola, crosses the x-axis, at 2 \ '\,I
and 3. ~ 7
] \-\. 1;/ ol
0 1 2 3 4

9. Using iteration with linear equations:
Eq. 8: X = %X+3%
The first few iterations of Eq. 8 look like this:

Xz_\;;_(%(%x+3_1-)+3i)+3_1_
and we end up with
x=(3 ) x + 3L (3) + (5) + (3) + o+ (5)7]
asn->o, (—%- )n goes to 0; Sean said "almost 0". Then
x= 31 f1+ (%)1 + (%)2 + (—;—)3 ..] From solving Eq. 8 the other way,

Sean knew that X = 3% .3 =5

3

2

so [1 +(—;’—)1 +(%)2 + (%—)3] =3 =11 and we ended up with
s

(2 + (20 (1. =

-

2
FX7000G in Basic
A program to iterate Eq. 8  ?->XA 5¢c=0
on on the FX7000G and in  Lbl 7: 10 input x
Basic would be: X +3 +10+3 -> X A 20 print x
Goto 7 30 x=x/3 +10/3
40 c=c+1
50 if ¢ >20 then stop
60 goto 30

Put 17 in for X and we get an infinite sequence which goes, not surprisingly, to 5: 17, 9,
6.333,.., 5.444, 5.148,..,, 5.049,.., 5.016,.., 5.005,... Will this work on all linear equations? So
we arrived at the sum of an infinite series from solving a linear equation!
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If we n hy=21x+321and )
we now graph 'y = 5@ . ,v=’§(13(—%X+3l3)+3%)+3-‘3—
y:i(_l,x+3i)+ 31 and ,* ’
3\3 3 3 oy _—
=1 (1(L A 1 A v
y 3(3(3X+33)+33)+33 f—”_w;/ u\\gt
we get three straight lines that intersect 4 f,xf”x o 1 [1' )
at--yes, (5,5)! and 5 is the solution to L~ L y=g(gx +35 )+ 35
6X+5=2X+250rx=-Lx+3.]. 3 L 1
W LW 4+ 5=
So what happened with the quadratic > A R
equations also works for some linear
equations (not all). Try some others. 1
0 ol 4

10. Solving a cubic equation using iteration

Needless to say Jenny, after doing about 4 of the iteration methods, solved the equation x3

= 8 by dividing by X2, to get X =% and iterated the right side. Try some numbers other

than 2 and see what happens. For the three solutions on the computer we got:

Derive gives: 1 -43i, "1+ 43i, and 2.

2in 4in

Mathematica gives: 2.€ 3 | 2. 3 | and 2.

This started some nice discussions with Jenny and John, also a 6th grader, about e and i
and 43 i. Can you predict, as John did, the roots of the equation X’ =125 7 See ch. 11 to
graph i in the Argand plane and the possibility of € to imaginary powers.

The iteration of z* + ¢ -> ¢ with complex numbers leads to fractals. See the great IES java
applet at http://www.ies.co.jp/math/java/comp/itoi/itoi.html , taken from chapter 11 below.
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Question worksheets for chapter 9
"The Binomial Expansion and Infinite Series "

To get to our beginning goal in this chapter, you can start with any (or all) of the 7
problems below. Only the first three are done in detail:

1.The area within squares

2.The people tiles

3. The number of routes between two points on a grid

4. How many ways can you turn 4 light switches on and off?

5. How many ways can 4 coins can come up when tossed?

6. How many ways can you form committees of people with 4 people to choose from?
7. How many ways can you make trains as long as the purple Cuisenaire rod?

1. The area within squares:

What is the area within the square with sides 5 cm.?

What does area mean? The amount of flat space. The

question is how many square centimeters fit within the
square?

Suppose we break up the square so that the side is still 5,
but we break 5 into 2 + 3 and our picture looks like this:

Find the area within each piece.

Weget 22 +23 +32+33 =

4 +6 +6 +9 =25
Again, it is important not to write just the answer, but also where the answer comes from,
then we can generalize. Draw the picture and find the area of the square, A+B on a side, in
other words, what is (A+B)2 ? Note: we can't write the
answer as one number, we need to write it in terms of A and B.
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A B

2

Here's the picture for (A+B)

The area of each piece will look like this:

From thg picture, to find the area of the square, just add the areas of the pieces:
(A+B) = (A+B)«(A+B) = A-ZA +A-B + B-A + Fg-B . We could write this other ways, like
A +AB+AB+B

2 2
or A +2.AB +B
What patterns do you see in:

(A+B)” = AsA + AsB + B-A + B-B

What do you predict for (A+B)3 ?
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You should build (A+B)3 using rods. It would be a cube with edges of length A+B.

We'll look at 2-D drawings of the 3-D cube and the
pieces. What will the volume of each piece be and
what will the volume of the whole cube be in terms
of A and

B?

(A+B)3 = Yes, it's (A+B)(A+B)(A+B) = (A+B)2(A+B), multiply them, you get
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The whole cube, the 8 pieces and their volumes are shown below:

So (A+B)3 = A-A-é\ + A-A3-B + A-ZB-A + B-A~A2+ A-BoaB + B+«A:B + B-B-A + B-B+B or we
could write (A+B) = A + 3.A.B + 3.AB + B

What patterns do you see here?
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Let's look at what we have so far.. we'll put in the first two, which we haven't talked about
yet:

(A+B)’ = 1

(A+B)l - A+B =1.A + 1.B 2 2

(A+B). = AA+AB+B-A+BB=1A +2AB+1.B

(A+B) = A-A-A + A:A:B + A:B-A + B:A-A + A-B:B + B-A:B + B-B-A + B:B+B =

3 2 2 3
1.A + 3.A.B + 3.A-B + 1.B
What patterns do you see?

How many terms are there in each answer?
How many A's, how many B's?

Sean looked at A<A-A + AA:B + A-B-A + B:A-A + A-B:B + B:A.B + B-B-A + B-B:B

and said if you take 2 A's and 1 B, then A-A.B, A<B-A and B-A-A would be all the possible
ways you could combine them. What do you think?

What do you predict for

(A+B)’ =

(A+B) =

Let's put the coefficients in some order:
1
11

121 putthese on graph paper, one number in a square

Look for patterns in the numbers and in the sums. Write the next 4 rows.
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Sum
: ] - ; In the table at the left are the coefficients
B for the first 5 rows and the sum of the
1j2]1 = |4 numbers in each row.
113131 = |8
11alald]1 =l1a Use the sum of the row and all the

patterns you can find, to help you fill in the
next 3 rows.
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2. The People Tiles-- copy this sheet, glue it on cardboard, then cut out the tiles and get
an envelope to put them into when you stop working on this activity.

Look at the people tiles. How are they the same? How are they different?

Hpo
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Sort them into 2 piles so a friend can tell how you did it.

Mix them up, then sort them into 2 piles again, but sort them a different way than the first
time.

How many ways can you do this?

In doing the following, we'll use these four sortings only ..
Color-- freckled we'll call red, greyish we'll call blue
Sex-- male and female

Height-- tall and short

Width -- wide and thin

Now, pick any one person, say you pick the blue, male, short and wide. In the first column
to the right of the one you picked, you are to put all those who are different in exactly 1 way
from the one you picked. For example, the person in the 1-different column is female
(different) and the same in the other ways-- short, wide and blue. What others go here in
the the 1-different column? On the next page | have put one in each column except the 4-
different column. Have a couple of friends check your work, because everything you do
next depends on these being correct.
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column colurnh
of those of those . ‘
diff erentin different i diff erent different
wau pick exactly exactly in exactly in exactly
onewayfromthe  bwowaysfromthe Ehree ways Four ways

l one yuil picked  one vou picked ¢ i

The next page shows the finished arrangement as started above. If you started as | did
above, each column should contain the same tiles (the order may be different).
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ick _column ofthose  column of those different diff erent
¥ou pic differentin exactly  differentin exactly if orly in only
onewayfromthe  bwowaysfromthe  three ways Four ways

one you picked ohe wou picked

v
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Keep the tile arrangement intact. Somewhere
near the center of a piece of graph paper,

write in how many tiles are in each column, 11418
like this.

Now, from your tile arrangement take out all people with one certain attribute, like all

blue tiles. Keep the others in the same columns. If you take out all the blue tiles you
should end up with this arrangement:

Hx

We'll keep track of the number of tiles in TEIEIE =
each column and the total of the row on
the graph paper at the right. Hd4]6]4]1 =[I6

The next question? Take out of the arrangement of tiles, all those with one attribute, like all
tall people. Keep the others in the same columns. If you take out all the tall people, What
arrangement will you end up with? Write the number of tiles in each column on your graph
paper chart and continue this procedure until you have only one tile left.



Ch. 9 page Q194 cCalculus By and For Young People — Worksheets

We've arrived at the triangle of numbers two ways so far:

1. The area within squares leading to multiplying binomials
2. The people tiles

Now we'll do it one more way,
3. The number of routes between two points on a grid

Howy many routes from A to points to the right or below A 7

Toucanonly ravel tothe Fight  eee——jite- o down ¢

e

Howy many routes from A o B?
The 3 ways are shown below

‘o A e ‘o

How many routes from A to C? A to E? A to D? Form A to each point? Remember,

you can only go to the right or down (no going left or up). Write the number of routes to
each point on the grid at that point. Look for patterns.
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Below are the beginning questions for four other ways to get the triangle of numbers, which
are equivalent to the above:
4. How many ways can you turn 4 light switches on and off?

5. How many ways can 4 coins can come up when tossed?

6. How many ways can you form committees of people with 4 people to choose
from?

7. How many trains can you make as long as the purple Cuisenaire rod?

8. Patterns in the triangle & lan's discovery

Now we can look back and see the binomial expansion, with the coefficients heavy:
(A+B)

(A+B) = 1.A + 1.B

(A+B) = 1-A + 2-A'B + 1.8’ ,

(A+B) = 1.A + 3.A B + 3-A-B + 1.B

(A+B)—1~A+4-A-B+ 6-A-B + 4-AB +1B . ]

(A+B) =1.A"+ 5.A%B +10.AB" + 10- A“B’ + 5. AB'+ 1.B

The whole idea here is to find for example, the 8th number in the 20th row in this
triangle of numbers below, and of course without doing a lot of work. That's why we
want to find as many patterns to see which one is most helpful. This is sometimes
called Pascal's triangle (after Blaise Pascal, 1632-1662, but known by Indian and
Chinese thinkers 2000 years before) or Sean's or lan's triangle. See what other
patterns you can find.

Column # (oW
o[1]z2[3[4[5]6] 7|8 sum
D1 1
TP 2
2111211 "\
SP1313)11 ]
Rew® I a6 (a1 T
3 HEREEE =2
g1 |6 (15200156 |1 B
7472 13E5E5217 |1 125
g1 1|a8|2856/056(28]5 |1 25
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Looking down a column and down a diagonal, .-,
the numbers are the same, as shown at the 1 e 1 o1
right. Looking down the column 1, 3, 6, some )

people want to say 1, 3, 6, 9, but they forget .
about the 1. Instead there is a pattern of 3 ’ 3
adding 2, then 3, then 4, etc. It sometimes s 3
takes a while to see that 4+6 in row 4, adds to e

o
10, the number below the 6 in row 5. (’;

lan's discovery o 10
For about 35 years my students and | looked B
at these numbers and we found many
patterns in them, but what lan did was ?
something special. lan did this when he was R
12 years old. Isaac Newton did a very similar
thing when he was 19, according to W. W.
Sawyer in "Integrated Mathematics Scheme-
Book C". In lan's words: "l was faced with the
problem of generating Pascal's triangle. |
decided to start looking at
patterns until | found one that applied to the entire triangle. After some trail and error, |
noticed a pattern in the ratios from one column to the next. In row 4, for example,

1 4 6 4 1

the ratios are arrived at by asking, what times 1 = 4? —‘1‘— . What times 4 = 6? -2- = —g— :

-
]

—
Lons}

Then -g— = —%— and % . | wrote these ratios
4 3 2 1
1 2 3 4 and

1 2 3 4
So to get the 3rd number in the 4th row, | multiply
A-0 ,4-1 - 4.3 -¢
1 2 12

To get the 8th number in the 20th row:
20-0 , 20-1 _  20-2 , 20-3 , 20-4 ~ 20-5 _ 20-6 -
T "2 *T3 "1 5 6 7 77520
Y'

The number in the X-th column, y-th row = _(i)dxi "

lan switched from number in the row to column #. Since the columns start with the Oth
column, his X is one less than the number in the row, for example the 3rd number is in
column #2 (in other words , just subtract 1 first, from the number in the row and use that as
X). lan's notation. is the same as used to write the coefficients in combination form, to which
Sean alluded. lan also introduced the factorial notation (3 factorial = 3! =1.2.3 = 6).
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Notice that
20-0 , 20-1 , 20-2 , 20-3 ,20-4  20-5 = 20-6 -
1 2 3 4 5 6 7
20 , 19 , 18 , 47, 16 , 15 , 14 _ 20e19¢18e¢17e16e15¢14
1 2 3 4 5 6 7 1e2e3e4e5e67
1423¢4+5.6.7 = 7! (read as 7 factorial) and
17 AR o5 oqg = 20019018017 016015014013 0120110100908e7 060504030201 _ 20!
2041918 +17+16+15+14 13e12e11e1000eB8e7 060504030201 13!
20! 20!
20019018017 e16015014 _ {31  (20-7)! 20! B o
SO Te5e3:4+5e047 S = = = @I - 77520 ..this is the 8th

number in the 20th row in Pascal's triangle.

You try some:
a.) Find the 10th number in the 15th row.
b.) Find the 5th number in the 18th row

Make up some for your friend.

At this time lan also worked on extending the triangle to the left with negative numbers. A couple of years
earlier when he was in about 4th grade, lan was graphing factorials (it's important to graph everything!), when
he decided since these numbers got so big so fast, he graphed the log of the factorial. | wasn't even aware he
knew about logs. And Sterling found a relationship between factorials and logs.

9. The first 5 terms of the binomial expansion
Remember above, the 4th row of the binomial expansion looks like this

(A+B)' = 1.A"+ 4A’B + 6.A“B" + 4.AB + 1.B°

Write the first 5 terms of (A+B)", using n to denote the row number instead of y (instead of 4
above, use the n).

You might first want to write the general term of the binomial expansion, in the X-th column
and the n-th row;

(some power) some other power)

You'll need some number (lan's number) times A times B'

Then you could put 0->X, then 1->X , 2->X, 3->X, and 4->X to get the first 5 terms.

(A+B) =
How does the exponent of B compare to X ?
What do the exponents of A and B add to ?
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Using the general term of the binomial expansion (T—h A" B", write the first 5 terms

of the binomial expansion with X going from 0 to 4, (n stays as n). To get the first term
substitute 0 for X in
nl A7 B we get

(n-X)le XI
#!'-0' A7 = 2" A" =1.A" this is the first term of the binomial expansion (you
knew this!)

To get the 2nd term, substitute 1 in for X in the general term, like this
il AT B We get

(n=X)!'e X!
n! AR = n-N(n=2)(n-3)(n-4)..3e2e1 A" BT A" BT
CEEITETE A -B (-2 (0 3)(n—4) FeaeT A .B=n.A B thisisthe 2nd

term of the binomial expansion and so on. So far we have

(A+B) =1.A" + n.A".B' +
Find the next three terms.

10. What is the connection between the infinite series and the binomial expansion?

Start with

BéA - _é,%ﬁ)i (./if +(A)4+ ... and end up with

(... + ...)n = an infinite series with X's in it.

Hint: Put BX = A or —g-\~= X in the equation above.
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Answer worksheets for chapter 9
"The Binomial Expansion and Infinite Series "

1. The area within squares:
Algebralcally we can get (A+B) this way
(A+B) = (A+B)+(A+B)
using the distributive property
= (A+B)-A + (A+B).B
using the commutative property twice
= A«(A+B) + B+(A+B)
usmg the d|str|but|ve property twice, we get
(A+B) =AA+AB+BA+BB=A+2AB+B

(A+B) = (A+B) (A+B) +(A+B)
(A+B) o A+ 2-A-B +B )
= A-(A + 2-A-B +B ) + Be (A + 2oA~B + B ) using the distributive property
= A + 2oA7 -B +AB + B-A + 2.AB° +B using the distributive property twice
(A+B) =A’+ 3.A°B + 3.AB + B’

(A+B) = 1

(A+B) = A+tB =1.A+1.B

(A+B) AA + AsB + BeA + BB = 1.A” + 2.A:B + 1.B°

(A+B) = AcAcA + AcAsB + AsBeA + BeAdA + AsBeB + BeAsB + BeB.A + B.B.B =

3 2 2 3
1.A + 3. A .B + 3.A.B + 1.B

When the exponent is 2, there are 4 terms. When the exponent is 3, there are 8 terms.
When the exponent is 4, there are 16 terms. With the exponent n, there are 2 terms.

Sean looked at A<A-A + A<A.B + A.B-A + B.A.A + A.B.B + B-A.B + B-B-A + B-B-B
and said if you take 2-A's and 1-B, then A-A.B, A.B-A and B-A-A would be all the possible
ways you could combine them. What do you think?
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It's interesting, that in Mathematica this little code, Table[Expand[(A+B)”n],{n,1,3}] ,will give
us as many terms of the expansion as we want (3 in this case):

(A+B, A"+2AB+B, A"+3AB+3AB" +B’}

SUm
1 =] 1
111 =|2
1121 =l 4
11331 =] 5
1141641 =116
1S [opols |1 =|32
1|16 (15201156 |1 =6
V712135251217 |1 =|ze
1|5 |28|26[70|56|25(5 | 1 = |256




2. The People Tiles
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After taking away the all pecple we have:

121

&3

After taking avay the
wide people we have

11

i

After taking away the

male, we have

1

And again we

Ch. 9 page A201

have the riangle

of numbers

—

1
1
1
1
1

Pl | B[ —
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3. The number of routes between two points on a grid

The number of routes from A to other points
onthe grid. Look along the arrows ko

see the patterns
AI 1 tﬂ:‘:‘ 1 1 1
1 2 pl3 4 5
»
1 3 6 10
2
o 1 4 10
—4
1 5
/ 1

Using lan's pattern

a. the 10th number (X=9) in the 15th row (y =15) =
15! _ _15e14¢13e12e11e1009e8e706e5040302¢1 _ 15014013012¢11e10 _ g5
(15-9)! ¢ 9! (6e5e4e302e1)e(9e8e7e60504030201) 6e5e4e3e2e1
b.) the 5th number in the 18th row=
18! = _18¢17¢16e15¢14013e12¢1101009e8e706e5040302¢1 _ 18417216215 _ 3040
(18—4)! e 4! (14e13e12¢1101009e8e7 06050403020 )e(4e 3020 1) 4030261

5 5 4 3 _2 2 3 4 5
(A+B) =1.A + 5.A-B +10-AB + 10cA B + 5.AB + 1.B

5_ 5 51 .4.1 51 '3.2 51 .2.3
(A+B) = 1A+ ey A B+ ogear A B+ gyrear A B

(5—45)!1 o4l AB 75_%3'_ .B’ Note A’ =1and 0! = 1

How does the exponent of B compare to X ? The exponent of B = X

What do the exponents of A and B add to ? The exponents of A and B add to n. So the
exponent of A is n-X.

The general term of the binomial expansion in the X-th column and the n-th row is:

n! A e
(n=X)! e X! A B
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9. The first 5 terms of the binomial expansion
The first 5 terms of the 1bin1omial expansion would look like this:
(A+B) =1.A" + n+A +B +

n(n-1 A".R? nin-Hn-2) A" .R* n(n-NH(n-2)n-3) A",g*
ez A B HoaT A B Te2e3e4 ABor

10. What is the connection between the infinite series and the binomial expansion?

From chapter 1,

A = A (AV. (A (A - _ A _
5ox © %—+(—g) +(—B~) +(—é~) +--- Now, putting BX =A or —B——x, we get
BX =X+ x* + x>+ X"+ x” + ... reducing the left side
X _ 2 3 4 5
adding 1 to both sides-- on the left side the 1 = f(1-X,1-X) gives
X 1-X = 1 — 2 3 4 5
A T T xS X AEX X AX X

which is the infinite series lan came up with in Chapter 3. Since 1—1x =(1- X).1

This gives us the important connection between the binomial expansion and the infinite
series

(1-X)"=1+Xx+X +X +x' + X"+ ...
because (1-X) ' can be expanded by putting 1->A, X -> B and 1 -> n in (A+B)".
The binomial expansion and infinite series were important because they made it possible to

, 1
take roots using (1+X) 2 , as we'll see in chapter 10. If a function can be expanded as a

series (like @ and sin x), then one can take the derivative or integral of the pieces, as we'll
see in chapters 11, 13 and 14.
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Question worksheets for chapter 10
"Pi and Square Roots "

1. Kohler follows Archimedes
Kohler, a 5th grader, worked on drawing inscribed regular polygons in a 12-dot circle. This

is similar to what Archimedes did (287-212 B.C.). Copy some 12-dot circles from appendix
4.

M Do these three things as Kohler did:
: 1) Measure the perimeter of the equilateral
/ A triangle at the left ;
/ "\\ ‘ 2) measure the diameter of the circle and 3)

/’ \ divide the perimeter by the diameter —z—. Now
/" N, do the same three things for an inscribed

n regular hexagon (6 sides), and a regular
\ dodecagon -- each on a different 12- dot

circle.

N you kept this up forever, what would
happen to this infinite sequence of ratios?
Does it converge? If so, to what number? Try
writing a computer program to find these
ratios.

2. The Gregory-Leibnitz series

Sean was reading "The History of Pi" and found the Gregory-Leibnitz series below. Write a
computer program to find approximations to the following sum and find out how it's related
to

1-1,

+

O B
375 79

3. Wells: "Tamura and Kanada calculate = to 16 million places, based on Gauss' study of
arithmetic-geometric mean of two numbers. The initial values are A=x=1,B= —L and

V2

C =—31— . The program steps follow:

2
Y=A;A= BB B= By ;C=C-X*(A-Y); X=2+X; PRINT (2B go back to

the first step.

It has the amazing property that the number of correct digits approximately doubles with

each circuit of the loop". Try it on your computer.
From "The Penguin Dictionary of Curious and Interesting Numbers" by David Wells; copyright David Wells, 1986; pp 54,
55 and was reproduced by permission of Penguin Books Ltd., Harmondsworth, Middlesex, England.
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4. lterating the square root of a number
One day one of my students, in a moment of trying to do nothing, started to continuously hit
the | of a number on the calculator. If say, we start with 10, find v10 . Then find

¥¥10 and keep doing this, an iteration of V10 . Graph the sequence. Does it converge? Try
other numbers.

5. Finding 2 by squaring numbers on a calculator.

Keep track of your work so that you get a number too big and too small to nearest whole
number, to the nearest tenth, to the nearest hundredth, etc.
Too big: 2, 1.5, , )

Toosmall: 1, 1.4, , ,

Will you ever find such a number which when squared gives 27?
What happens to the two sequences you are getting?

Find the square roots of other numbers this way.

6. Finding /40 by iteration of the averaging method

What does ,/  mean? We're trying to find two numbers the same, which when multiplied

will give 40. Suppose we guess 5. % = 8, which means 5 is too small and 8 is too big and

the /40 must lie between 5 and 8. We take the average of 5 and 8, or -‘-‘59— . The average is

40
5+ —
5 =
5 6.5
too small .
\ too small too big t;'::b'g

B A
" §.3269231, the

20 _g 1538452

5.5 average of 6.5and %ﬂg, ™ 6.5 theaverage
and is toosmall iz too big, and 300ne:rgr|ater of Sand %, is too big,
will be closerto butis closerto ¥40 than
JaT than 6.5 or 20 gither of these

6.5
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40
65 + o
We then put 6.5 in for the guess number ——;—ii =6.3269231. We have another

40
iteration problem! The iterating function is ——}—G’— where G is the first guess

number. Use your calculator or write a program that will get the first 20 approximations
to,/40 by doing this iteration of the average.

Find {76 using this method.

7. Using the binomial expansion to find /2

Newton knew his binomial expansion could ease the problem of finding the roots of a
number. It is just a tricky matter of writing this humber as a binomial to some power.

a -t A _
J2=22 =(—;-) 2 =(1 - %) > which is now in its binomial form. Now put 1->A,—L ->B,

and % -> n, in the binomial expansion, and see what you get for the sum of 5 terms:

(A+B)" =1.A" + n.A".B' +

n(n-10 A" .R% n(n-10)n-2) A" .g° n(n-NHn-2)n-3) A", g*
Tz A B s A By g A B

1
Try finding 328 this way. You want to get something like x«(1+4)3® where A is a number
less than 1. Hint: 27 is close to 28 and is a perfect cube.
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Answer worksheets for chapter 10
"Pi and Square Roots "

1. Kohler follows Archimedes

For a diameter of 92 mm, Kohler
found the perimeter of the
triangle to be 234 mm, and the

i P = 234 _
ratio of ¥ 5 2.6

The perimeter of the hexagon he
measured 276 mm, the same
diameter of 92 mm, and the ratio

P - 276 _
of q 5 3
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The perimeter of the dodecagon
he he found to be 288 mm, the
same diameter of 92 mm, and the

; p — 288 -
ratio of T 3.1

From the diagram below,
Ne sin ( 180 )

P = N

d d
If N=# of sides of the polygon (3,
6, 12, 24, ... doubling each time

and is 3¢ 2" , where F is a whole
number starting at 0 and goes to

00), a program to find these ratios

P = Nesin (ﬂj =X , would look

d N
like this for the
FX7000G:

0->F:Lbl 4: 3x2 x* F -> N:
N x sin (180 + N)->X A:

F=F+1:Goto 4
: / 360 In basic this program would look
Y N like this:
/ 10 f=0
BN d 20 N=3x2"f
2 30 PRINT N x SIN(3.14159/N)
40 f=f+1
—52- 45 IF £>10 THEN STOP

\\&Lﬁf 50 GOTO 20

The infinite sequence we get is 2.59807, 3, 3.1058, 3.1326, 3.1393, ... and after 10 loops,
we get 3.14159... . Notice the first 3 are very close to what Kohler had.
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2. The Gregory-Leibnitz series 10 x=0
It turns out that the limit of this series 20 b=0
1 -1, 1,1 == 30 a=("1)"x * (1/(2+ x+1))
35 779 4 40 c=a+h
A program in basic which approximates ©t (558 EchlNT 4ec
using this series is at the right. This is a 70 x=x+1
slowly converging series. 80 IF x>20 THEN STOP
GOTO 30
4. lterating the square root of a N
number. 1
If you iterate the square root of any (el
number you get a sequence whose . * 20 ikerations of Lf?
limit is 1. A graph is shown at the s starting with x = 10".
right. ol -

g (first 2 not shown
Briggs in 1620 used successive 14 1 because of scale)
square roots of 10 to calculate *
logarithms, so this turns out to be an 124
important idea. ",

1.04 ..’Ootnvnooo-
A program to do this in basic:
10 Input N
20 Forc=11020 a . T e i
30 N = SqrtN ho. of iterations
40 PRINT N
50 Next c

5. Finding /2 by squaring numbers on a calculator

We get two infinite sequences, one made up of the smallest numbers that are too big, the
other sequence made up of the biggest numbers that are too small.
Too big: 2, 1.5, 1.42,1.415, 1.4143, 1.41422, 1.414214, ...

Toosmall: 1, 1.4, 1.41, 1.414,1.4142,1.41421, 1.414213, ...
Both sequences approach /2 as a limit.

6. Finding /76 by iteration of the averaging method.

. . . G+ 18 2+ 18
Using the iterating function ———2——‘3— to find the /76 , if we guess 2, say, we get 5 2
20 4 40 1.9 + 1—‘1%
=20.Then ——20 =119 and —— 2 =9.143277 and so on.

2 2
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A program in basic to find (N by The output of this program to find the /76 ;

iteration of the averaging method is 2 is the first guess.
shown below (20 iterations): 20
10 C=0 11.9
20 INPUT N 9.143277
30 INPUT G 8.727697
40 G=((G + N/G )/2) 8.717804
50 C = C+1 8.717798
60 PRINT G This last number doesn't change in the first 6
70 IF C<19 THEN GOTO 40 decimal places. The sequence converges
80 END very rapidly.

1 1 1
7. Using the binomial expansion to find /2 : = /2 =22 =(—;—) 2 =[1 - %) 2 which is

now in its binomial form. Now put 1->A,% ->B, and 71 ->n, in the binomial expansion,

and with 5 terms we ge1t: 1
(A+B) =1.A + n+A B +

n-2 2 n-3 3

n(n-1) . n(n-1(n-2) . n(n-NH(n-2)n-3) o™ r*
ez A By s A By Te2e3e4 A B+ .

J2 = (1 - i)% =17 + l.oqz! .(‘1)1 N _T.(T—) . 122 ,(‘1)2 +

2

T e A I FRS e RO Sl B

2 "\ 72 2 13 -2 2 \2 2 2 ik -

Te243 - 12 '(2) * Te2e3e4 - 12 '( ) T

J2 =1+0.25 +0.09375 + 0.0390625 + 0.017089844 + ...

J2 =1.399902344... using 5 terms as an approximation of this infinite series. Notice this

doesn't converge very quickly.
- L 5= 075 1
Y28 = (27+9)3 = [27[1+—27)]3 = 273 -(1+2—7)

binomial expansion, with 1->A, —2-17— ->B and % ->n:

1
3-(1+%) 3 Now we'll use the

27 27 1e2 27
M e HEMEEY
3 3 3 L3 1 3 3 3 3 L4 1
1023 .1 (—.——) 1e2e3 04 ¢ 13 .( ) + ]

328 =3+ 0.037037... - 0.000457247.. + 0.000009408... - 0.000000116...+ ...
328 =3.03658... correct to 5 places. When A =1 and B is small, the series expansion
converges quicker, because raising a small number to larger powers, makes the value very

much smaller. This can be seen from these two examples above where B = % in the first

case, then -217~ in this second case.
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Questions worksheets for chapter 11
"Compound Interest to e and i"

The problem of compound interest was brought up by lan when he was 11 years old
because he wanted to know how much his father would have to pay in monthly installments
on a house worth $10,000 at 10% interest over 30 years. This got us working on the
simpler problem, first, of investing and finding the interest.

1. Simple interest
Suppose you put $1 in the bank at a 6% annual rate of interest. How much interest would
you earn and what amount of money would you have after 1 year?
The interest = principal * rate * time
I = $1 *x 6%*1yr.=%.06
So you earn 6 cents interest in a year.
The Amount you have after 1 year = principal + interest = $1 + $.06 = $1.06 .

For 2 years,
The interest = principal X rate * time

I = %1 X6% *2yr.=1x.06%x2 =§.12
Amount you have after 2 years = principal + interest

A = $1 + $.12 =%$1.12

For —;— year
The interest = principal * rate * time
I = $1 *X6% * %yr. =1x.06x% %= $.03

Amount you have after % year = principal + interest = $1 + $.03 = $1.03

Find the simple interest and amount you will have

a) on a $500 investment at 7% for 1 year; a) | A
b) on a $500 investment at 7% for 2 years; b) | A
c) on a $500 investment at 7% for 2—;— years; c) | A

If you have a total amount of $348 at the end of 2 years at an annual rate of 8%, what was
your original investment?

2. Compound interest (principal $1, compounded annually)

Now we'll look at the problem when the interest is compounded, as is normally done.
Compounding means adding the interest to the principal, then figuring the interest on this
new principal for the next time period.

How much money will you have after 3 years, with a $1 investment (the principal) at a 6%
annual rate of interest, compounded annually (once a year)?
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Interest (earned during 1st year) = principal * rate * time
/ = $1 *x6%*1yr.=%$06

Amount you have after 1 year = principal + interest

A = $1 + $06 = $1.06, but we will leave it in the form
1 +.06. Very often if we don't write an answer as one number, but show where it came
from, it will help find a pattern. Don't be too quick to use a calculator! Notice that this
answer is the same as the one we got using the simple interest.

Now things will change. The $1.06 now becomes the new principal.

Interest (earned during 2nd year) = new principal * rate * time
/ $1.06 X6% * 1 yr.
(1+.06 )*x.06 =$.0636 which is slightly more
than it was for the simple interest.
Amount you have at the end of 2 years = new principal + interest
A = (1+.06) + (1+.06)*.06 =

= (1+.06)*(1+.06), by factoring out (1+.06)
= 1+.06+.06+.06° =
= (1+.06) = $1.1236, again a little more

Amount you have at the end of 2 years
than the simple interest case.

Notice we have a binomial expansion problem (A + B)’.

What amount you will have at the end of 3 years?
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Interest (earned during 3rd year) = new principal * rate X time

/ = $1.06° *x6% *1yr.
/ = (1+.06) x.06 = .067416
Amount you have at the end of 3 years = new principal + interest
A = (1+.06) + (1+.06) x.06

= (1+.06)*x(1+.06),
by factoring out the (1 + .06)° . So

Amount you have at the end of 3 years = (1+.O6)3 = $1.191016

How much money will you have at the end of 7 years?
Write your answer as one number and as a binomial raised to some power.

How much money will you have at the end of 100 years?

How much money will you have at the end of t years?

After about how many years will you double your money?

In the original problem of compound interest , as in most problems, there are different
variables, things that can be changed. So far we have changed the number of years we
invest the money, without changing the rate (6%), the principal ($1), and the number of
times per year it is compounded (annually, 1 time per year).

3. Compound interest (principal $5, compounded annually)

Suppose now we change the principal, the amount of our investment, keeping the the
same, the number of years, the annual rate of interest and the number of times per year it
is compounded.

How much money will you have after 3 years, with a $5 investment (instead of $1 before),
at a 6% annual rate of interest, compounded annually ? Look at what we've done above,
can you predict what this will be?

Write your answer as an amount as well as showing how you can get it easily.
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See if you agree with this...

How much money will you have after 3 years, with a $5 investment (the principal) at a 6%
annual rate of interest, compounded annually (once a year)?

Interest (earned during 1st year) = principal * rate * tim

/ = $5 *6% *1yr.=8.30
Amount you have after 1 year = principal + interest
A = $5 + 5x$.06 =$5.30, butwe will leave it in the

form 5%1 +.06)
Interest (earned during 2nd year) = new principal * rate * time
/ 5X1+.06)% 6% *1 yr.
= 5X(1+.06)*.06 =$.318
Amount you have at the end of 2 years = new principal + interest

A = 5X1+.06) + 5X1+.06)*.06 =
= 5X1 +.06)*(1 + .06) , by factoring out
5X(1+.06)

5X1 + .06 +.06 + .06s(2) =
51 +.06)" = $5.618
Can you predict now what amount you will have at the end of 3 years?
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Interest (earned during 3rd year) = new principal X rate X time
/ 5X1 +.06)° * 6% X1 yr.

= 5X1+.06)°%.06 = $.33708
Amount you have at the end of 3 years = new principal + inferest
A =5X1+.06)° + 5X1+.06) x.06

by factoring out the 5%(1 + .06)2 we get

= 5X1 +.06)° x(1 + .06) , or
Amount you have at the end of 3 years =5 X(1+.06)3 = $5.95508)
Were you right?

Try these problems:

How much money will you have after 8 years, with a $5 investment (the principal) at a 6%
annual rate of interest, compounded annually (once a year)? Write your answer as one
number and as a binomial raised to some power.

How much money willi you have at the end of 200 years?

How much money will you have at the end of t years?

After about how many years will you double your money?

How does this compare with what you got with a principal of $17?

What happens if we change the rate of interest?
How much money will you have after 3 years, with a $5 investment (the principal) at a 7%
annual rate of interest, compounded annually (once a year)?

How much money will you have after t years, with an investment (the principal) of P dollars
at an annual rate of interest of r, compounded annually (once a year)?
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4. Leading to a very important infinite sequence

Compound interest, changing the # times per year the interest is compounded
We'll compare compounding the interest 2 times per year, 12 times a year, 365 times per
year, a million times per year, and finally an infinite number of times per year. We'll see
what difference these make and what new patterns we find.

Use your calculator after you find a pattern.

How much money will you have after 1 year, with a $1 investment at an 6% annual rate of
interest, compounded semi-annually (2 times a year)?

Interest (1st %year) = principal * rate * time
/ = $1 *x6% X —;—yr. =$.03 = 3@2_6_ (3 cents)
Amount (end of %year) = principal + interest
= 1+ %P =3103

Interest (2nd —;- year) = new principal * rate * time

- .06 _ .06 .06
J = (1+-R) ~06 < L= (1+3) 2
Amount (end of % or 1 year) = new principal + interest
_ .06 .06 .06
A = (1+F) « (1+F) - F

= (1 + ;‘;ﬁ) X(1 + _'0;—), by factoring out (1 + '—‘;6—)

2

Amount (end of Z or 1 year) = (1+ -'92-6—)2 = $1.0609

So after 1 year, with a $1 investment at an 6% annual rate of interest, compounded semi-

annually (2 times a year) you will have (1+—'%6— * o= $ 1.0609 , a little more than when it
was compounded annually.

Can you predict now, what amount you will have at the end of 1 year if you invest $1 at a
6% annual rate of interest, compounded quarterly (4 times a year)?
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Let's do it. How much money will you have after 1 year, with a $1 investment at a 6%
annual rate of interest, compounded quarterly (4 times a year)?

Interest (1st —j‘—year) = principal * rate * time

= $1 X6%X%yr.=$.015=1.5cents=¢%§-

Amount (end of % year) = principal + interest

= 1 + % =31015
Interest (2nd —;- year) = new principal * rate * time
- .06
= (1+ 28) xo06 -
= (1+ %8 )% =g.015225

Amount (end of % or % year) = new principal + interest
_ 06 06 ) x 06 _
= (1+ ) + (1r )L =
= (1 + —'%@«) X(1 + %) , obtained by factoring out

(1 + ;%El) from the two terms above

1+ 06 4 .06+(.06 )2=
4 4 4

= (1+ %) =$1.030225

What's interest do we earn during the 3rd —Jrof the year ?

What amount will we have after the 3rd —}of the year ?

Do you see a pattern ?
You realize that if you had brought out your calculator too soon, you would never
see the pattern!!
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Interest (3rd —}4—- year) = new principal X rate * time

(1+ L2) x 06 x1

1l

(1+28) x 9 -501545

Amount (end of f(3,4) of a year) = new principal + interest
- 06 \? 06 )? « .06
= (e )+ (1+2) 2
= (1 + %)ZXU + -'%6— , obtained by factoring out

(1 + £6—)2 from the two terms above
4
[1+ 900200 ()] x(1+ 2)

[1e3xF v ax(:L)+(3)]

(1+ 92)=$1.045678

1

1l

Interest (4th %of the year) = new principal * rate * time

= (1+ 2) xo06xL

06 ) x 06 _
(1+ %) x % =301568
Amount (end of %or 1 year) = new principal + interest
06 )3 06 )« .06
(1+ T) + (1+ -/
06 \? .06
(1+ T) «(1+ T)

Amount (end of S-or 1 year) = (1 —'943)4 = $1.06136

So far, if we invest $1 for 1 year, at 6%, compounding the interest
1 time per year, we end up with $1.06

2 times per year, we end up with (1 + ‘—26— )2 = $1.0609

4 times per year, we end up with (1 + -22.)" = $1.061363551

Can you find a pattern now?

Write a computer program that will calculate the amount you will have after 1 year, for any
number of compound interest periods, at 6%.
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Can you predict the amount we will have if we invest $1 for 1 year, at 6%, compounding the
interest monthly (12 times per year) ?

compounding the interest daily (365 times per year)?

Can you predict the amount we will have if we invest $1 for 1 year, at 6%, compounding the
interest 1,000,000 times per year! Then calculate the number.

Generalize the amount we will have if we invest $1 for 1 year, at an annual interest rate of r
compounding the interest n times per year.
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It looks like we have an infinite sequence. We'll put these numbers in a table:

# of times interest is Amount of money we have
compounded per year after 1 year (in §)
1 1.06

2 1.0609

4 1.061363551

12 1.061677812

365 1.061831311

1,000,000 1.061836545

So, no matter how many times a year the interest is compounded, the amount we have in 1
year at a 6% annual rate of interest, never gets bigger than $1.07 and won't get bigger than
1.06183 out to 5 places. If we compound the interest continuously then, an infinite number

of times per year, it turns out that this number (1+ —'?‘i)n as n goes to infinity, gives us an
infinite sequence whose limit is 1.061836547... . We'll write it this way:
limit (1+ 22)'= 1.061836547... = €

n—oo

Ahhh... there is that very special number @ which is the base of the natural logarithms.
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Now some questions...

What would € equal? Use the expression above.

Can you predict the amount we will have if we invest $1 for 1 year, at 8%, compounding the
interest continuously! Then calculate the number.

Generalize the amount we will have if we invest $1 for 1 year, at an annual interest rate of r
compounding the interest n times per year.

Can you predict the amount we will have if we invest $5 for 1 year, at 8%, compounding the
interest 1000 times per year. Then calculate the number.

Can you predict the amount we will have if we invest $5 for 1 year, at 8%, compounding the
interest continuously! Then calculate the number.

Can you predict the amount we will have if we invest P dollars for 1 year, at an annual
interest rate r, compounding the interest n times per year.
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Let's try this one:
How much money will you have after 3 years, with a $5 investment at a 6% annual rate of
interest, compounded daily?

Interest (earned during 1st day) = principal * rate * time

= $5 x6% * ﬁyr
Amount you have after 1st day = principal + interest
= 5 + (6x.06% TGF)
_ .06 .06
= 5X(1 + "3?5) , writing O6xﬁas So

Interest (earned during 2nd day) principal  Xrate Xtime

Amount you have after 2nd day = principal + interest
=5X(1 " S5 365 ) * 5X(1+365 X"ﬁ

"5X(1+ 06) ( 365

- .06
=9 X( Tt S
Amount you have after 372nd day = 5 X( 1+ 3%2 )372
06 2x 365
Amount you have after 2 years =5 X( 1+ 5 )
Amount you have after 3 years =5 X( 1+ 3%2 )3X365 = $5.986..

How much money will you have after 7 years, with a $5 investment at a 6% annual rate of
interest, compounded daily?

Generalizing, how much money will you have after t years, with an investment of P dollars,
at an annual rate of interest r, compounded n times per year?
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5. Naming e” with an infinite series
(A+B) =1.A" + n+A B +

n(n-1 A%, nO-0n-2) A" g*,  n-1n-2)n-3) A" g
LS AT B+ e A B + o243 04 A B + ..

Notice that when n = 2 we get 3 terms (A+B)2 =A +2.AB + B’
Putting 1 in for A and 06 in for B above, we get the following infinite series:

(A+B) =1.A" + n+ A’ -B +

nin-1) ™ .Rp* n(n-1H)n-2) A" g° n(n=Nn-2)n-3) ™ .g*
vz A B TR A By TR T A B

(1+% 4" n.,]”"..(;G + n(n ) 4" ( 06) + n(- 1)(n 2) .1”‘3.(_.%6_)3

1 2 3 4 06
+ n- )(n4‘ )(n— ). ( ) +

Simplifying this series, 1 to any power is 1, writing (—'?}i )4 a '034 he

factorials and the powers of n, we get

.06 \"_ -1 062 -N(n-2 063
(1+2%)=1+06 + 200,008, nin-in-z) , 000,
n(n-1(n-2)n-3) , .06*

n4 41

+ ..

We've gone out 5 terms; now let's look at what happens as n -> o . All the fractions with
n's in them will go to 1, and we get

limit .06 )"~ 062 063 _ 064 .06°  .06° 067 -
n—>°0(1+n) TH 06+ S+ S et e T

e® = 1.061836547...
Write out the first 6 terms of the binomial expansion, then put 1 in for A and —'%8— in for B

and see what you get.

Write out the first 6 terms of the binomial expansion, then put 1 in for A and % in for B and
see what you get.
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Write the first 6 terms for € as an infinite series. In other words find limit ( 1 +_r>:_)n by

using the binomial expansion, then let n — « .

e is a very important number in mathematics; not only does it show up in the compound
interest problem, but in as the base of natural logarithms, as well as in exponential growth
and decay and can be written in terms of sines and cosines.

6. Patterns with i.
In solving equations we come across one like X = 1.
If we try 1 in for X, 1+1=1, not -1, so 1 doesn't work.

Try “1inforXx, -1+-1= %1, not -1, so -1 doesn't work (we have to put the same number in
for X, remember.

So there is no "regular" number that works. We'll invent a new number and call it i .
Theni«i=i’="1. This is how we'll define i .

Now look for patterns with i i®=-1

i=i Now you try these

.2 .7

i"="1 i =

3 _a x s . P £8
i'=ieici="i(becauseisi= =

-1 and -1 «i="i =

L4 a.n. . l. Y 4 _ .3 .__.2 andwithout too much work
i =ieieiei=1 (becausei =i"«i="1" ;17 _ and

=1 ori*=i’ei® =-1.-1=1) 2

What patterns do you see?
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7. Leading to a very exciting number sentence!

From above:
2 3 4 5 6 7
=1+ x + X 4 X, X° , X, X, X
21 31 41 51 6! 71

In place of X we will put ia, i times a, where i is our imaginary number and a is any number
in radians. We'll need to raise ia to successive powers.

Whatis (ia)’ equal to? Well (ia) =i’ +a’ =-i-a’ =-ia’

Now try the whole thing by yourself, put ia in for x, through % in the infinite series for €

and write down what you get.
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2 3 4 5 6 7 ..
=1+ x+ X 4 X 4, X . X . X' 4 X , . nowput iainforX

21 31 41 51 61 71
. \2 . \3 . \4 « \5 « \6 « \7
ia _ . (ia) (ia) (ia) (ia) (ia) (ia)
€ =lriat S S S e o

raising ia to the powers-- (ia)’ = a’ and (ia)3 ='ia’ and (ia)4 =a'and (ia)5 =ja’, and so on...
and we get

ia _ in _ a’ ia® a’ ia® a® ia’
e 1+la '?'!——'—3—!'*-'——-1"“———————-4'...

What patterns do you see?

We have some of the terms above that are real, some imaginary; let's separate these:

ia 2 4 6 . . .3 . 5 . 7
e=1_a +a a ia ia 13 ia

21 T 41 T e T 31 51 I
factoring out the i's
2 4 6

ia _ 4 _a a a : a’ a® ’
e 1 —2| +————4| -————6‘ + ... "(a“———‘3! +—5T——'7—!—+...)

Q

Newton first figured out that the cosine and sine could be written as infinite series

=1 . a , a  a’

cosa=1 o o T and

. 3 5 7 . .

sina = a - —%‘— + % - ?;—I + ... and later Cotes in 1716 discovered that

one can write € in terms of the cos a and sin a. You try it from what we did above.

eia —
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3 5 7

i ia _ 4 _ a“ a a : a a a
Slncee _1 '—‘-_‘*‘——"———.—4'...['(3'———3—'!—4'—'5-!—"'—7‘!*4'...)

ia . .
€ =cosa + jssina

If we now put = radians in for a above, we get
in . .
€ =cosm+ iesinm

Since cos t = 1 and sin = 0, we get e" = -1 +0. Adding 1 to both sides we get the
amazing result

ein+1=0

This is a true statement that has the five most important

numbers in mathematics in it: e, i, , 1 and 0. Wow! when i first
saw this in college | did a watercolor painting with this in the center. Amazing stuff!

On a computer try to find Ln (-1), then change this to an exponential equation. What
happens?

8. Using iteration to do the compound interest

Another way of looking at the compound interest is as an iteration function introduced in
chapter 8. The iteration function is P+(1+ .06 ). Iterate this function to find how much
money you will have after 7 years (iterate the function 7 times), with a $5 investment (P=5)
at a 6% annual rate of interest, compounded annually?

Iterating the function: P__«(1+.06) =P__ | then P__ will become P_ and so forth. To start
old new new old

5¢(1+.06)= $5.30; 5.30(1+.06) = 5.618; 5.618(1+.06) = 5.955.. and so on. After 7 years we
get $7.518151295 or $7.51 . Another way to look at the problem is 5.(1+.06) after 1 year.
Then 5¢(1+.06) «(1+.06) after 2 years, then 5¢(1+.06) «(1+.06) «(1+.06) after 3 years, and so
on.

Try this on the problem: find how much money you will have after 10 years (iterate the
function 10 times), with a $1000 investment (P=1000) at a 8% annual rate of interest,
compounded annually?

9. One result of lan playing with powers of powers.
lan, in Physics class with his calculator, came up with the following pattern of differences of

ratios of powers of powers. Try some numbers. What happens as X goes to infinity?

(x + 1)+ X"

x* (x - 19>




Ch. 11 page Q230 cCalculus By and For Young People -- Worksheets
10. Graphing powers of i imaginary nos.

r=1
Graph the real powers of i on the j' d
Argand plane at the right, real

numbers on the horizontal axis vs 1#

imaginary numbers on the vertical L ¢

axis. At the right we've plotted h=0

(1,0) because i’ =1 or 1 + 0i and L

(0,1) because i'=ior 0+1i <

Where is i’, i’ and so on... # veal
=1 00 ? h‘ﬂ.lZIS.

1

Whatis i’ ? Where would it be
on the graph?

Make up some other questions.

See Abe’s work on Don’s website at http://www.shout.net/~mathman/html/abe2.html| .

11. Graph powers of (1 +i)on the o

214
Argand plane.
Since . 1t *
(1+i) =1
(1+i) =1+i
(1+i)Y=1+2i+i=1+2i+1=2i. . . . . .

4 -3 2 1 1

The graph of (1 +i )" has been started at real nos.
the right. Plot some more points. -1it
What's happening? -2it
Make up some questions. Imaginary nos.

- 3if

-4it

See Ana’s work on Don’s website at http://www.shout.net/~mathman/html/anae.html .
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| never knew anything about i ' before
maybe 5 years ago, when | came across it
using Mathematica ®. Iterate i", starting
with n = .

- ii i[ll])
Youget il then i~ T iV and
50 on. Motice that ii is not 1%,

Would you believe that i "is a real number
0.20788... That's a little hard to believe.
The graph of about 100 iterations of i" is
shown at the right. Another spiral!! | still
don't know the significance of the point to
which this sequence of numbers is
converging. The 100th term in this
sequence is 0.438283 + 0.3605991 .

irmnaginary
§ s,

N

081

0.6i

0.4i

a.2i

02 04 068 08
real nos.

See the great IES Java applet at http://www.ies.co.jp/math/java/comp/itoi/itoi.html .

At the right is the curve r = 2! ; a polar graph. Try to
make this yourself. t is the angle in radians, starting at

the positive X, around the origin counterclockwise, and
ris the distance from the origin to the curve. | originally

made the graph on —11—" graph paper. Another way to do

it is to use polar graph paper. A third way is to use

parametric equations where X =r.cost and y = resin t

. You might like to try some things that | have done

with this graph. Copy the graph, glue it on cardboard,
then cut out the 3 different pieces (black, spotted and
striped). Do the "eye test"; that is, see if these are the
same shape. Put the black (smaller piece) in front of

the spotted one, move it and see if the black one
"covers" the spotted one.. see the diagram below.

YoLr eye

_iilﬂﬂﬁ,wF

- Another thing you might like to try is compare the area
of each of the three pieces. You'll want to outline the

cardboard pieces on graph paper first.
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12. Getting back to lan's problem..What would his Dad pay in monthly installments on a

$10,000 home loan at 10% annual interest with a 30-year mortgage? The formula usually

given is

M = P«.R«(1+R)"
(1+R)" -1

P is the amount of the loan ($10,000 in this case), R is the monthly rate (in this case 110;/" ,

where M is the monthly installment ($) which is what we are looking for,

and n is the number of payments (12x30=360 in this case). What do you get for M?

For those who wish to find out how to get this formula -- the bankers don't know how to do
this by the way -- just follow along. The calculations are based on the fact that after the end
of each month the amount of the loan (P for principal) is decreased by (the monthly
payment (M) - the interest you pay). The new principal we shall call the Declining Balance
(DB). When the Declining Balance is 0, you will be through paying off your loan. Most of the
algebra involved is using the distributive property (factoring out P's and M's), subtracting
and substitution. We're going to get DB in terms of M, P, R, and eventually n. Let's do it!
I = PR (the first month's interest) ...notice P-(M- |,) = P- M + |;..we'll use this form..
DB, = P- M+, = P-M+PR = P+PR-M P(1+R)-M = first Declining Balance
I,= DB+R=[P(1+R)-M] -R= P(R+R )- MR interest for the second month
DB,= DB-M+l,= P(1+R2 M- M+P(R+R )-MR = P(1+2R+R )- M(2+R) .anything familiar?
Is= DB,R = [P(1+2R+R)- M(2+R)] R = P(R+2R +R )- M(2R+R )
DB3 DB, -M+l; P(1+2R+R )- M(2+R) M+P(R+2R +R’ )- M(2R+R )

P(1+3R+3R +R’ )- M(3+3R+R )... aha, |f you look at whats in the parentheses! Do you
see the binomial expansion there? 1+3R+3R +R = (1+R) and the other one is a little
tricky, but

(3+3R+R2).ﬁ = 3R+3§2+R3 = (“'2

M. (R -1
R

So DB; = P-(1+R) - . Now if we go 360 payments,

)360

M (1+R

1 )360

=0, Solving for M = P2(+RI7 _ PeRe(i+ R)*
(1+R)*° -1 (1+R)*° _ 1

R

DBuei= P(1+R)" - :

PeRe(1+R)"

Generalizing for n payments, we get M = (R
1+R) -

and our problem is solved.
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Answer worksheets for chapter 11
"Compound Interestto e and i "

1. Simple interest
Find the simple interest and amount you will have

a) on a $500 investment at 7% for 1 year: | = $500 X.07= $35;
A= $500+$35=$535
b) on a $500 investment at 7% for 2 years: | = $500 X.07 X 2= $70;

A= $500+$70=%570
c) on a $500 investment at 7% for 2—;— years: | = $500 X.07 X 2.5= $87.50;

A= $500+$87.50=$587.50
If you have a total amount of $348 at the end of 2 years at an annual rate of 8%, what was
you original investment? A= P + P X.08 X2; $348 =(1+.08 X2)XP; P = -513’146—8 = $300

2. Compound interest (principal $1, compounded annually)

How much money will you have after 3 years, with a $1 investment (3the principal) at a 6%
annual rate of interest, compounded annually (once a year)? (17+.06) = $1.19

How much money will you have at the end of 7 years? (1+.06) = %3.50

How much money will you have at the end of 100 years? (1+.06) = $339.30

t
How much money will you have at the end of t years? (1+.06)

After how many years (nearest whole number) will you double your money? Since

1 12
(1+.06) =$1.89 and (1+.06) =%$2.01, it's closer to 12 years that will you double your
money.

3. Compound interest (principal $5, compounded annually)
How much money will you have after 8 years, with a $5 investment (the principal) at a 6%
annual rate of interest, compounded annually (once a year)? Write your answer as one

number and as a binomial raised to some power. $5(1+ .06) = $7.%ZO

How much money will you have at the end of 200 years? $5(1+ .06) t = $575,629.52
How much money will you have at the end of t years? $5(1+ .06)

After how many years will you double your money? after 12 years the am'tis

12
$5(1+.06) =$10.06
How much money will you have after 3 years, with a $5 investment (the principal) at a 7%

annual rate of interest, compounded annually (once a year)? $5(1+ .07) =$6.13

How much money (A) will you have after t years, with an investment (the principal) of P
dollars at an annual rate of interest of r, compounded annually (once a year)?

A=P(1+1)

4. Leading to a very important infinite sequence

Compound interest, changing the # times per year the money is compounded

How much money will you have after 1 year, with a $1 investment at an 6% annual rate of
interest : compounding the interest 1 time per year, we end up with $1.06
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compounded semi-annually (2 times a year) we end up with (1 + =% )= $ 1.0609
compounded quarterly (4 times a year) we end up with (1 + %)4 = $1.061363551

compounded monthly (12 times a year) we end up with (1 + —'19;—3— 122 $1.061677812

compounded daily (365 times a year) we end up with (1 + 3%6 365 $1.061831311
A program in basic that will calculate the amount 10 input n
you will have after 1 year, for any number of 20 print (1+.06/n)*n
compound interest periods, n, at 6%. 30 goto 10
6
compounded 1,000,000 times per year we end up with (1 + ) = $1.061836545

Notice that we have an infinite sequence that approaches 1.061836545... This number

turns out to be e-08 , Where e is the base of the natural logarithms (2.7182818...); not only
is it not a rational number, but it is called transcendental, like =.

We say limit (1 +-% "= 1.061836547... = e0

and e = e =limit (1+.1) = 2.718281828...

So e is the limit of an infinite sequence ( 1 +%)n as n gets bigger and bigger.

The amount we will have if we invest $1 for 1 year, at 8%, compounding the interest
continuously will be:

limit (1 +-9% )" = 1,083287068...= 08

n-—0

The amount we will have if we invest $1 for 1 year, at an annual interest rate of r
compounding the interest n times per year.
limit (1 +r) =ef

n—o

The amount we will have if we invest $5 for 1 year, at 8%, compounding the interest 1000
times per year.

000
A=%5e(1+_2_ = $5.416418007

1000 )
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Can you predict the amount we will have if we invest $5 for 1 year, at 8%, compounding the
interest continuously! Then calculate the number.

A =5 e limit (1 +i8_)n :509'08
n—oo n
The amount we will have if we invest P dollars for 1 year, at an annual interest rate r,
compounding the interest n times per year.
A =P elimit (1 +L)n
n—o0 n
The amount we will have after 3 years, with a $5 investment at a 6% annual rate of

3x365
interest, compounded daily (365 times per year)is: A=$5¢(1 + %) e $5.99

The amount we will have after 7 years, with a $5 investment at a 6% annual rate of

. o 06 7x365
interest, compounded dailyis: A=$5¢( 1+ ’é‘és_) =$7.61

The amount we will have after t years with an investment of P dollars, at an annual rate of

L. ten
interest r, compounded n times peryear A=P e I)»To'} (1 +%)

If you wanted to compute the number of years t, in which your investment would double,

*n

t
just solve this equation 2 =1 ¢ (1 +%) for t. Taking the In of both sides we get

In2= t-nOIn(1+—rr]—) andt= ———%-77 . If we use 6% for r, n=1 (compounded annually), as
nein{ 1+ —
n

In2

we did above, we get t= —= _
In(1.06)

= 11.9 years, which is what we figured before, about 12

years.

Amount you have after t years with an investment of P dollars, at an annual rate of interest
r, compounded continuously

A= Pelimit (1 +L)t'n = Pe ol*t
n—o0 n

5. Naming e” with an infinite series
Write out the first 6 terms of the binomial expansion, then put 1 in for A and '—??— in for B and

see what you get. o
n n n-
(A+B). =1¢A + neA eB + ,

n(n_1) .An_z .BZ + n(n—1)(n_2) .An-3 .B3 + n(n—1)(n—2)(n—3) .A n-4 .B +
2! 31 41
n(n—1)(n-2)(n-3)n-4) ,A”-5 .B5 +

5! DY
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n n n-1 n-2 2 YA n-3 3
(1 +_'_%§_): 1 + ne1 o'?18 + n(2?1).1 o(_gn.B_) + N-Hn-2) ;)!(n 2) o1 o(_%i_) +

n(n-1Nn-2)n-3) ¢4 " o(-08 )4 + N-n-2)n-3)n-4) 44",

41 n 51

n(n-1)(n-2)(n-3)n-4)
n!

e = limit (1408~ 14 o8, 08® . 08 . 08* . 08" . 08° .08
n->a n 1l 21 3l 41 5l 6! 71

5
(%) +... since 1 to any

poweris 1 and as n— « all the terms —1 and we get

+ =

1.083287068...

If we put 1 in for A and % in for B we get:

. n
e=e' = limit (1+1) = 1+1+ L+ 1 4+ L4 14 14 14 =
n->a n 21 BT ar . B el T

=2.718281828... (which is not repeating, not rational, but transcendental, like ).

We'll write the first 6 terms for €” as an infinite series. In other words find

. . n
limit (1 +--) by starting with the binomial expansion, put 1-> A and 2 — B, then
let n — oo.
n n n-1 1
(A+B) = 1eA" + ne A e B+

n(n-1) .A”‘z 'Bz + n-Nn-2) ,A”"3 083 + Nn=-1n-2)(n-3) .An'4 oB4 +
21 3! 41
n(n-n-2)n-3)n-4) A" 5% 4
51 N

1

- - 2 - 3
(1+5) = 1"+ net™ a2y 200 4™ 02 4 000002 Xy
-4 4 -5 5
n(n—1)(n4—!2)(n—3) o1 oZ) + n(n—1)(n—25)!(n—3)(n—4) 1" o) +..

2
Remember(%) = §—§ and we can commute the product of n2 and 2!
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x\"_ -1 2 —1)(n-2 3
(1+77) = 1+x+ ___“(:2)-_;_!+ ________”(“ng(" )._)§T+
+ NM-Nn-2)n-3) ¢4 x4 4 NM-Nn-2)n-3)(n-4) o ,5 4

n* 4 n° 51 T

n(n-1)

n2

Now let n - «.The n-terms, like

will go to 1 and we get

ex=“mit(1+i)n=1+ X + 2 + S 4+ 44 54
n—>e n 21 3l 41 51
6. Patterns with i
i =i
i?=-1 Since they repeat in groups 2 =__1_=_§i_ =1 =1
3 = of 4, and i to a power which 2 1
- q is a multiple of 4 equals 1, 0
s i =i ei® =i If you look at the graph of i” and
fe - i =i i , how do you get from one point to
i=" i’=1 the other? it's a rotation of 90°
=i L S T counterclockwise.
.8 - = =
i =1 i i2
9 .
i =i

8. Using iteration to do the compound interest

Find how much money you will have after 10 years (iterate the function 10 times), with a
$1000 investment (P=1000) at a 8% annual rate of interest, compounded annually?
$2158.92 Ans.

9. One result of lan playing with powers of powers was that he found

. (x+1)(x+1) ~ x* -0
limit ( x* (x -
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10. i" plotted on the Argand plane

turns out to be points on a circle.

A
i 2 must be between i0 and i1 and the

same distance from the origin.

11. The graph of (1+i )" at the right is

a spiral.

—2it

3t

""li L

12. Getting back to lan's problem..What would his Dad pay in monthly installments on a
$10,000 home loan at 10% annual interest with a 30-year mortgage?

Ans. $132.15
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Worksheet for chapter 12
"The Two Problems of the Calculus"

1. The derivative, or "rate of change", is used to describe how quickly quantities change.
Historically, it helped deal with problems of how a pendulum swings, how planets move in
their orbits (as well as space satellites), the velocity of a cannon shell, light, and electrons
in a wire.

2. The integral, which turns out to be just the inverse of the derivative, historically dealt
with finding the area under curves, the volume of fairly regular shapes, the work done in
moving objects and the energy in light scattering.

Both problems involve infinite sequences and their limits. The derivative deals with an
infinite sequence of slopes of lines, the integral deals with an infinite sequence of areas
under a curve (which in turn involves an infinite series).

Archimedes (287-212 B.C.) essentially invented the integral calculus. We'll start there and
find the area under curves different ways.
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Question worksheets for chapter 13
"Area Under Curves--The Integral"

A

1. Area within shapes on a geoboard:

On the right is a picture of a geoboard -- a
wooden board with a 5x5 square array of nails,
2" apart. Use colored rubber bands to make

some shapes. Then assume figure A takes 1 can ’r.: 1
of paint to paint inside it (has an area of 1). How i .
O - / 1

many cans of paint does it take to paint inside B
and C and D?

o
* » ey

How many figures can you make with an area of 2?

Make up some shapes for a friend to find the area. Copy the spotty paper in the
appendix.

How does the area of the triangles below change? Can you make up a rule about
areas of triangles?

t' * L ] g * L ] p

/
ANWVARY
See if you can find, for any figure, a relationship between
the number of nails touching the rubber band (t), the
number of nails within the figure not touching the rubber
band (i), and the area of the figure (A). The figure at the
right, for example, has 4 nails touching the rubber band, 1
nail inside and has an area of 2. Have only 1 inside area
and 1 outside for each figure. Make a table and keep track
of this information in an orderly fashion.

oy

by

How many squares (with no diagonal sides) can you make on 2x2 geoboard? 3x3
geoboard? and so on. Find a rule that will give us the total number of squares you can
make on an nxn geoboard.
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2. How Archimedes found the area within a parabolic segment as shown in Fig. 1-
-the area enclosed by the parabola 'y = x* and the horizontal line segment:

Fig. 1

Figure 2 shows a triangle of the same base and height as the parabolic segment.
Archimedes proved that the area of the parabolic segment is % the area of this

triangle, say T.

Fig. 2
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Figure 3 shows the first step of my version of how Archimedes solved the problem. He
built two smaller triangles between the big triangle and the parabola by constructing a
perpendicular to AJ at its mid-point H, intersecting the parabola at a point, call it F.
What is the area of these two smaller triangles in terms of T?

-

Fig. 3

Then Figure 4 shows his next step of making the 4 smaller triangles (spotted ones).
He uses the mid-points of AH and HJ and again constructs the perpendiculars up to
the parabola to locate the third vertices of these triangles. Find the area of these
smallest triangles, then add to what we have so far, the large black triangle + the 2
smaller grey triangles + the 4 smallest triangles. Do you see a pattern? If we keep
going forever, write down an infinite series for the area of the parabolic segment.
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3. Plotting points on a computer or calculator to find the area under curves:

| was browsing through a Scientific American "Computer Recreations" article in which
it looked like they were filling in squares on a computer screen. | asked myself "Could |
do that on our Casio FX7000G programmable graphics calculator?" After a couple of
hours of trying things and making mistakes (I was never
very good at programming), | was able to plot points on the
screen to make a square. | plotted points as in the diagram
at the right to make a 1x1 square. If you count the number
of points, this number will be a measure of the area of the
square.Try to write the program so it is possible to change
the upper level of the points that are plotted, because the
next thing you would want to do is to plot the points under a N 1

. 2 3 . .
parabola, like X°, or X', or a quarter-circle, a sine wave, or
whatever. Very exciting!

At the right is the figure formed by plotting points under the

curve y = x* from X =0to 1, can you predict the area of this
shaded portion of the 1x1 square?
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4. Finding the area under curves on graph paper
First predict what part of the area of the 1x1 square at the right below is under the curve y

=x’. Use the%“ graph paper in appendix 4 to graph y = X’ carefully from X = 0 to 1. Count
the squares under the curve.

You'll have to approximate the squares.. Y
do the best you can. Then count the i }J:}gz
squares in the 1x1 square. Find the ratio .

of no. of squares under the curve to the 1
no. of squares in the 1x1 square. We'll call

this the area under the curve y = X* from

X =0 to 1. What simple fraction is close to
this number?

f

-

=1

Area under y = X* from X =0 to 1:

} =

Now graph the curve y = X* from X =0 to

2 like that at the right. Count the squares 3
under the curve y = X* from X = 0 to 2 this j
time. (Notice that the "whole thing"
surrounding the curve is not a square, but
a rectangle of 2x2° = 8 = 2’ units). What 4
fraction of the rectangle is under this )
curve?
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Matt, a 7 year-old, counted 32 squares, and —1%20— of the 1x1 square as the area under the

curve y = X” from X = 0 to 1. | asked him what simple fraction that is close to, he replied
—:}. From X = 0 to 1 he correctly predicted % of the 2x2° rectangle = %-23. Sean counted
an approximate 279 squares in going from 0 to 2, but was satisfied this was close enough.
He figured there are 20.40 = 800 squares in the 2x4 rectangle (2x4=8 square units, and the
area should be%of 800 or 266.666... which is close to his 279). | don't like the normal

integral notation for this work with young people. I'll introduce a little notation (not quite
what they use in calculus courses): A, X* will mean the Area under the curve y = X* from
X =0 to 1. And if we write the answers to find a pattern, things become simpler and we can
generalize. For the area under the curve

y = X from X = 0 to 1 we'll write 1+1°, the 1°comes from a 1 x 1°, then

2 _ 1 43
A X = -3—-1 and
AO_ZX2 = %-23 and you can probably predict what will happen for
A X'=
0-3
A0_4X2 = and generalizing,
AO_XX2 = it's not complicated if we look for patterns and not just write a number

for an answer!

Now try the area under the following curves on the graph paper by counting squares, but
predicting first: y =4,y =X,y =X, y =X, y =X, and y = X". Write your generalizations
in this form: A k= A, X = A, X = o A X' =

Try some of these:

y=4 Y = kx y =X
y =k (k is a constant) y=kx+m y = 5X° + 7X
y =X y=Xx y=5X+7X+4

y = 2X y = 3%’ y=ax+bx+c
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Sean's counting the squares under the curve y = X’ from X = 0 to 2
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5. The rectangle method (the standard textbook method) of finding the area
under curves.

We'll begin with finding the area under the curve (in this case a straight line) y = X
from 0 to 1. | know you can find the area of a triangle, which is what we have in the
figure below. What we will do, however, is use the same strategy as if it were a curve.
Our strategy is to fill the area under the curve with rectangles (hatched), then find the
area of these, which you can do easily. We'll make the rectangles narrower and
narrower so that the sum of the areas of these rectangles will get closer and closer to
the area under the curve. We'll end up with an infinite series. The notation I'll use is: a,
(read as 'a sub n') is the sum of the area of the hatched rectangles under the curve in

figure n; there are n-1 rectangles and % is the width of each rectangle.

a,=0 a,= .;_._;_: 212-1 a;=

The picture for a, is at the right and the area of these

rectangles is

= 1,1t ,2,1, 3,1_
I P
for the nth term in this sequence of partial sums a,, a,, as,
ay, .. IS

1 - 1 .@+2+3) and generalizing

a, = i._1_+._2_.._.1_+ i._l.+-4_._1_+ +n_1 ._1__=
n n n n n n n n n ~ n n
L2434+ +(n-1)]
n

From chapter 6 you can figure outtheruleto get, 1+2+3+4+ .. n= l‘—'—(;—*D— and1+2+3
+4+ .. +(n1)= W .Soa, = —r:z_._”’(%‘”_ Now if n— o, which means the number of
rectangles gets bigger and bigger and the width of the rectangles gets smaller and smaller,

1ene(n-1)—> 1 (because as n->o,
n

ne(n-1)—> N° and —"%—»1). So A, X=limit a,=limit Lz._“_'(_”ﬂ)_= 1.41? . | purposely
n 2 2

n—o0 n—>o0 n

wrote 1° because the area of the 1x1 square is 1°, which is important for seeing patterns in
what follows.
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At the right is a,in finding the area under the

curve y = X from O to 2 ¥
| ¥=x
a,= e
——1— o le i— —1— ole L i ° ,:_3.. o2 =
42402+42402+42042 32
2 e e e e e
a= 22 «(1+2+3) . Use a, to help go back to
do a;, a,, a;, and forward to generalize to a, . Zyn
q o e
Then find the area under the curve
= = = limi Jen .. Ao T
y=XfromO0to2=A , X ',!TO'J an. 32 St 1222222;?
After that find the area under the curve y = P Py
AL LSSES
X from O to 3, from O to 4, then from 0 to X. u 1 > ™ =X
L a.g 3-2 312 2
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The area under the curve y = XfromX=0to 1 = —;—-12

The area under the curve y = XfromX=0to 2 = 1+ 2°

The area under the curve y = X from X =0to 3 = 1.+ 3”
The area under the curve y = X from x=0to 4 = 1-.4” and

The area under the curve y = X from X =0 to x = 777

Now comes a new problem, that is, the curve is changed, but the method of finding the
area under i, is the same. Find the area under the curve y = X’ (the dark area below), from
X = 0 to 1. Again we'll make rectangles (hatched), then find the area of these, get a
sequence of partial sums as we make the width of the rectangles smaller, then we'll find the
limit of this sequence, which will be the area we want. The area of the hatched rectangles
will approach the area under the curve. We'll start with a; and a, below. Notice that the
height of the rectangles are now square numbers because the curve is

y =X,

EA
Pt
&
<
e
i

Make the diagrams and find the areas of the rectangles for a;and a,
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Below are the diagrams for a; and a,. Find the areas of the rectangles.

2
"

o
-
-
e
-~
s
'
s
-
-
7
Ea
e
A
-
»

B NN
NN
B o

ds; = as—=

Can you generalize and write the nth term of the sequence of areas a,.
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Let's look at this sequence of areas a;, a,, a;, a4, .. a,, ... under the curve y = x>, fromXx =0
to 1, as we change the width of the rectangles:

a;=0
2
= _1_) ol
& (2 2
2 2
=(1) . L (_2_ 4
a (3) 3 " 3) °3
2 2 2
— (1) 1 22 1 3y 1
oir (@t (4 (@
4) 4 4) "4 4) "%
as= (J-)Zol + (—l)zoi + (—3—)2-i + (i)zoi and generalizing
AT 5 5 5 5 5 5 5
2 2 2 2 2
an= .l .i_'.(_z_) .i..*_(_3_) ._1_+(i) .i+_'+(n_—1) ._1_.=
n n n n n n n n n n
3
a,= = -[12+22+32+42+..+(n-1)2]

n
Now we need to find a rule for the sum of the first n-1 squares. We'll get the sum of the first
n squares by looking at the differences:

X012 3 4 5 6

yo 1 5 14 30 55 91 forx=2, y=1+4=5; for X=3, y=1+4+9=14, etc.
1 4 9 16 25 36 — 1stdifferences
3 5 7 9 M — 2nd differences
2 2 2 2 — 3rd differences
The 3rd differences are constant, therefore it is a 3rd degree function, like
ax’ + bX" + cX + d. d=0, since when x=0, y=0. This function turns out to be
—(13—-n-(n~1)-(2n+1) . The sum of the first n-1 squares is %-no(n—1)-(2n—1) = %3‘““21*%
13
nd

- 1 1 1
and an_ ?~F+§2——

The area under the curve y = X*, from X = 0 to 1 is

Soa, =

3 2
o[12+22+32+42+,.+(n—1)2]= X . —"~——L+%) =

13
n3 3 2

= limit a. = limit (1L__1 .. 1 Y=1_-1
A, X2 = limit a, = limit (?—§+ o ) =3~ 3" | because as n— « both

n—»oo
the terms "2"1n“ and

# — 0. The % is the same as what Sean and Matt and Archimedes got above. Again,

writing this as %-13 is important because it shows that the area is —;)— of a 1x1” rectangle.
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Now let's find the area under the curve y = x’, from X = 0 to 2 using the rectangle

method. Find a,, a,, a;, and a,, using the diagrams below. a;is calculated below the
diagrams:

a=

as=

Generalize to a,then find the limit of a, as n— « .
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Now find the area under the curve y = X, from X =0
to3or A, , x* using the rectangle method. First
predict what you think it will be.

The diagram for a,is shown at the right.
1, )%, 1
(o) e

3
43

2

Ay n

.3)2.%.3+ (_3-

w

ay

-[12+22+33]

Make the diagrams for a,, a,,and a;. Then
generalize to a,and find the limit of a, as n— o .

Calculus By and For Young People -- Worksheets

What are we trying to do? We're trying to find the area under the curve y = X, from

X=0toxor A X .Whatdo we know so far?

The area under the curve Yy =X°, fromX=0to 1 or A, X2

The area under the curve y = X*, from X = 0 to 2 or A, X2

The area under the curve y =X, from X =0 to 3 or A, X2

Can you generalize to
The area under the curve y =X, fromx=0toxor A, X’

13

a1
3
1 .03
32

27

27
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Now look at the patterns under the area under different curves we have so far:

The area under the curve y = X fromx=0toxor A X = %.x2

2

The area under the curve y = X* from X =0 to x or A, X =—_-+x% _.now look for patterns

L
3

The area under the curve y = X* from X =0 to x or A, X =7

The area under the curve y = X* from X =0 to x or A, x'=?

The area under the curve y = X" from X =0to x or A, X'=7?

Now try to find the area under these curves fromX=0tox: y =X+ 1,y =X - 1;
y = 5X° + 7X

j
rf. ]
fee
e
From what we've done so far, what do you think
would be the area under the curve
y=X fromx=atob?
0 e y
i a b

6. Two problems

Two seemingly unrelated problems ended up with interesting solutions.
PROBLEM 1. The area under the parabola y = X*, from from X =0 to 1.

PROBLEM 2. The ratio of -(N€volume of a square pyramid |t the same base.
the volume of a cube

PROBLEM 1: Above we found the area under the parabola y = X*, from from X =0 to 1

which turns outtobe 1 --L .1 Asn— « the area goesto - .
3 2n 6n2 3
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PROBLEM 2: Find the ratio of the volume of a square pyramid using the white rods
the volume of a cube

as in the picture below. n would equal the number of layers, then let n— «. So for this
arrangement, the volume of the pyramid is 1% + 2° + 3% and the volume of the cube is

3 . , . ) 2,92 92
3"; the ratio we're looking for is 1—i23—3ﬁ—

then n and see what happens to this ratio.

. Now increase the number of layers to 4, 5,

",

ol
—

Write a program which will give us this ratio.

What do you notice about the answers in PROBLEM 1 and PROBLEM 2?

7. The natural logarithm is the area under a curve and an infinite series.

First, what is a logarithm? You know, 10% = 100, 10 to the second power is 100. The log of
100, base 10 is 2, written log,,100 = 2. In other words, the logarithm is the exponent, as
simple as that.

Write a log statement for the following exponential statements: 2° = 32; x’=216;a" =y
Write an exponential statement for the following log statements: log,,1000 = 3; logg512 = x;
log, F=w

The natural log is the log of a number, base €, where € is 2.718... as described in chapter
11.

The logarithms were invented by Napier and independently by Burgi. They published in
1614 and 1620. Napier was trying to simplify computation. The astronomers Tycho Brahe
and Kepler were the first beneficiaries of Napier's work, which changed multiplication
problems to addition problems and made their work a lot simpler. Notice that 10%+10° = 10°
=10*" the exponents add when the powers are multiplied. Do similar things work for logs?
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It would be very helpful, if you want to learn about how logs work, to make a table like the
one below. Write down your guess at the logs first (they'll be wrong first), then write
down what your calculator gives. Look for patterns as you go along!

logs, base 10 calculator gives write guess, first
(keep 3 decimal places):

log 1 =
log 2 =
log 3 =
log 4 =
log 5 =
log 6 =
log 7 =
log 8 =
log 9 =

log 10

log 20

log 200

H

log 2000

1l

1
log >

1 =
log e

How about log,,2 + log,,5 = log,,?

0.301 + 0.699= 7 What do you notice? Make up problems like these
and generalize.

Try this: 3elog,,2 =log,,? What do you notice? Make up others like this and generalize.
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Graph the equation y = —)1(- from X =1 to X = 10. Find the area under the curve from X = 1

to X = 3. Then find the area under the curve from X =3 to X = 6. You can do it on the
computer, using the program to plot points above or count the squares on the graph paper.
This graph is part of an hyperbola which we came upon in chapter 6.
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Using the program above to count the points, ¥
(changed to fit this graph), we found the area f

under the curve y =")1T fromX=1toX=3 to

be 1.0952. The log,3 = 1.0986 . The area '
from X = 3 to X = 6 turned out to be 0.6458 1k
and the log,2 = 0.6931. Adding these, we got 1
the area from 1 to 6 which is 1.7410 and the
loge6 = 1.7917. The numbers we got by
counting dots are close enough. s
So A, “)1(— + A, % =A, % and this is

the same as loge3 + log,2 = log.6 = log.(3+2)
You might try other areas, like A_, —)1(— + A, 31(- and see if this is equal to A, %

The connection between the areas under curves and this property of logarithms, that is the
log of the product equals the sum of the logs, was first noticed by A.A. de Sarasa in
Gregory's published discovery about the areas in 1647.

Remember lan's discovery —1- =1+ x+ X"+’ +x" + X"+ .

If we substitute X in for X above, what do we get?
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Weget —-=1-x+x-x"+x"-x"+ . which converges for 1<x<1.

The graph of y = ﬁ at the right is an hyperbola

like y =~ except it is shifted 1 unit to the left. The

area under this curve from from X =0to X =aor
A =loge(1 + a) and if we use the
generalizations from the section above, this will

equal the integral of the infinite series
1-a+a -a +a -a +..Doing each term

1
0-a 1+X

1 = -
separately, we get A, X - logs(1 +a)=
a-te.a’+ 1ea’ - Lea'+ 1.a’ - The natural

2 3 4 5 7
log then, is the area under the curve y =—)1(— or = j e

I
=_1_ and it's the infinite series

1+X
I - 1 2 1 3 1 4 1 5 . . e £
og.(1+a)=a- 5@ + oed - Jea + _ea - CAUTION: You just can't find the

log.(1 + 2) by putting 2 in for a in the series above because this series converges only
when a is between 1 and 1. Newton found logs of integers in a unique way. First he found
the log, 1.1 by putting .1 in for a in the series.

loge(1 +.1) = .1 - _;_.(.1)2+ Ao ) - L)+ 2+(.1)" - .. = 0.0953, then similarly got
the logs of 1.2, 0.8, and 0.9 . He then said 2 = 31'::—2)'25. Who else would think of writing 2
this way! Newton then proceeds to get the log,2 by using the identities for logs:

loge2= log, (1 +0.2) + log, (1 +0.2) - (loge (1 + 0.2) + log, (1 + 0.1)). This reinforces for
me, at least, that we have to write numbers different ways. Ever since | saw Sue Monell do

"number names for today’s date" with 5 and 6 year-olds 30 some years ago, | thought it
was a great idea.

Write a program which will get this infinite series

- 1,924+ 1,93 1,.9%4+ 1,5°
loge(1 +a)—a—7-a toged - gea t jea -

Part of this program will be a way to alternate signs; one way to do that is to get (1) to a
power one more than that for the power of a.

See if you can find log, 3, log.4 and others, using this same idea of Newton's (there must
be many ways to do each one).
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One way | thought of for getting 3 is 3 =—'g— = } : :g-g then

loge 3 =log(1 + 0.4) - loge(1 + 0.8). | then put 0.4 in for a in the program to calculate
loge(1 + 0.4) which equals 0.510825624. | put 0.8 in for a in the program to calculate

log, (1 + 0.8) which equals 1.609437911. | subtracted 0.510825624 - 1.609437911 =
1.098612287 which should equal log, 3. | found the log, 3 on the calculator directly to
check, and it was equal to 1.098612287.

8. lan's method of finding the area under the normal distribution curve.
During the summer of 1987 | had a student who was getting ready for a course in
statistics. | decided to write a program on my PC to plot points (as | had done on the
FX7000G). This time | plotted points under the normal distribution curve whose
-2
X
equationis y= —.e 2 and its graph is shown below.

V2

Find the area under this normal distribution curve.

The area under this curve between X = a and X = b is the probability that X lies between a

and b. In the courses in statistics, the X is transformed into z, which is related to both the
mean of the data and the standard deviation.

I had a little difficulty while writing the program to plot this diagram and asked lan to help
me. One of the things he did was to change from plotting points to drawing lines, measuring
these then adding them up to obtain the area. By doing this, | think lan invented a method
very much the same as Cavalieri's method of indivisibles as described in his book
"Geometria indivisibilibus" of 1635 (see Edwards, p.104).
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Answer worksheets for chapter 13
"Area Under Curves--The Integral"

1. Area within shapes on a geoboard:

It takes 2 cans of paint for B. C takes % i % +1=2

cans of paint. D is % of 2 =1.

The area of each triangle below, is the same, 1.

I,
3
N

The rule for the area A within a figure with t nails touching and i nails inside is
A =%t +i-1
See Don’s website page at http://www.shout.net/~mathman/html/geoboard.html .
On a 3x3 geoboard there are four 1x1 squares and one 2x2 squares, 5 total. It turns out

. . . . 3 2
this will be the sum of the first n squares # + 2% + 3% + .. +n? and this equals -+, .10
q 3t 2 t%

This same rule comes up later in this chapter, in finding the area under a parabolal
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2. My version of how Archimedes found the area within a parabolic segment is

shown in Fig. 1. The area enclosed by the parabola y = x* and the horizontal line
segment:

C
/,.-’
s
32
s
A k4
T Ja
m HH m
] 2
Fig.5

Figure 5 above shows of that in Fig. 3 in the question sheets. Let AJ =m, JC =m’

since C is on the curve X and the area of AABC is -~ . Since AH is ™ and F is on

the curve X’, FH is (%]2 = 1 m® and the area of rectangle ABCJ = m-m2 =m’=T

+
The area of one
grey triangle = area of AACJ - (area of AAHF + quadrilateral HFCJ)

= area of AABC - (area of AAHF + AFKC + rect. HFKJ)

=T (rem,m?® L 1.m (342 4 m,1m?
2 2" 2 "4 7 M 2 4m)
=T (A Lem®+ 3 emP+ L om’

2 6'Mm T agm T 5 om
:.]-__-_3_0 3"—' _I_-i :.J__o

z ~gMm s g =T

The area of the 2 grey triangles, then = %-T

It turns out that the area of the four smallest triangles in figure 4 have an area of

%-%-T. Continuing this process we have the area of the parabolic segment =

T T (T (T ()T =TT (o (e (3 ()
From chapter 1, the infinite series in the brackets converges, with limit % So the area of

the parabolic segment =T + —;’—-T = %-T. At the time of Archimedes they didn't accept the

idea of the infinite nor did he use the idea of limit, but instead showed that the area couldn't
be bigger than 4 -T and it couldn't be smaller than on so it had to be equal to g *T.In

figure 5 above, the area of-;—the parabolic segment is

A1 ed T=2eT=20e7°
2-3-T 5 T 3-m,sothe
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area under the parabolay = X’ from 0.to m is %-ma. Another way to say this is that the

integral of X’ from 0 to m, is %-m?’.

3. Plotting points on a computer or calculator to find the area under curves: The
strategy for my program on the FX7000G to plot points to make a square was this: | plotted the
point (0,1), subtracted a little from the y-coordinate, then plotted another point, continuing this until
the y-coordinate went to 0. Then | added a little to the x-coordinate, and again plotted points from y
=1 to zero and so on, until x =1, to make the 1x1 square. The program ended up looking like that
at left (there are no line numbers needed but they are numbered for reference later).

1) Range 2.35,
2.35,1, 1.55,
1.55,1

2) 0 -»X:
3) 0—>N:

4) Lbl 3:
5) 1-y:

6) Lbl 4:

7) Plot X,:

8)1+N-— N:

9)y-.07 ->Vy:

10) y >0=Goto 4:

11) X + .07->X:

12) X <1 =Goto 3:
13)"N=":NA

(The range puts in the X min., X max., X

scale, y min., y max., Yy scale. The 2.35 to
1.55 ratio is used to make a square grid on
the non-square 95x63-dot display).

(Sets the left side of the figure).
(N keeps count of the number of points

plotted).

(Place to which Goto 3 returns).
(Sets the top of the figure).

(Place to which Goto 4 returns).

(Plots the point).

(adds 1 to the counter).

(moves next point down. | had to play around
to get .07 . If this number is too big all the
spaces would not be filled in; if it was too
small, the number of points plotted wouldn't

be a minimum).

(Sets the bottom of the figure. If y > 0 it jumps
to Lbl 4 to plot another point, otherwise goes
to step 11 to move to the right).

(moves the plotting to the right)

(sets the right end of the figure).

Displays the number of points; hitting the
GoT key shows the picture).

In basic 30 and
40 adjust for the
way points are
plotted on the
screen

5N =0

10 FORX=0TO9
STEP A1

20 FORy =0 TO
81

30 t= 150+9 «X
40 v=150- y

50 PSET (t,v)
60 N=N+1
90 NEXT Yy

moves next point
up screen

100 NEXT X
moves next point
to right

110 PRINT N
120 END

Running this program fills in a 1x1 square; the number of dots varies with the calculator or
computer; on the FX7000G | got 400.



Ch. 13 page A266 Calculus By and For Young People -- Worksheets

The next question | asked was "Could | find the area under the
curve y = X’ from 0 to 1?" With this program, easy. Just 1
replace the 1 in line 5 with X’, that's it! In the basic program

just change the "for" statement from 81 to X’ . We got the

picture at the right and N = 133 on the FX7000G. So the area

under the curve y = X’ from 0 to 1 was-j%% , which is very ox ;
close to —;Twhich is the integral of X*, from 0 to 1. | was very

excited about this and showed it to many people | work with, ages 6 to 45, as well as
teachers, principals and parents. When | asked a couple of 6th graders what they would

expect by just looking at the picture above, one said less than —;-the 1x1 square, the other
said {)"—of it. Students were able to get the area under x* from 0 to 1 to be %(see a

pattern.. what happens with x*?; the area of within a circle of radius 1 by putting W in
line 5 (gives —41—of a circle), so at the end | multiplied N by 4, then divided by 400, which
gave 3.18 (very close to 3.14 or =n); the area of a quarter of an ellipse with semi-major axis
1 and semi-minor axis % by putting —41—(1~x2) in line 5. | was able to get the area between
curves and the area under the normal distribution curve

-2

y= J12_ «e 2 (which came out very close to 1!), by changing to 2.35in line 2 and 2.35

in line 12.

Once | saw how simple this was, it gave me the impetus to get young people thinking about
the integral. Now | realize this is not as "rigorous" as the "experts" want and expect, but if
we start young people thinking about these really important ideas, then things will be a lot
easier later. And my guess is that many more students will study math if they can see some
sense to it, rather than memorizing a lot of formulas they don't understand, will soon forget
and never want to use again.

The basic program in the right column above was written recently and gives an area under
the parabola of .337; | thought this worked well. | haven't had a chance to find the area
under these other curves but it should work.

4. Finding the area under curves on graph paper

The area under the curve y = x* from 0 to 1, 0 to 2 and so on, by counting squares on the
graph paper

2

>
x
|
.
e

o
AN

XN
I

«2” because the area is % of the rectangle 2 by 2®or2’

¢
N

«3° because the area is % of the rectangle 3 by 3% or 3°

It
w

> > >
N XN
I

4’ and generalizing,

?

EN
X
i
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Undery =4 theareais A, , 4=4+3=12and A, 4=4X and A k=keX

Undery =X the areais A X =-+X

Undery = X the areais A, X' =L’

Undery = X’ the areais A, X = %-X"

Undery = X' the areais A, X'= —;—-X5

Undery = X’ the area is A, X’ = %-Xe and generalizing

- n . n= 1 . n+1
Undery = X the areais A, X — X

Undery = 2x theareais A, , 2eX =2 -%-32 and A 2eX=2 -%-XQ and

2
A, kex =kelex

Undery = kX the areais A, keX' = ke-Lox’

Undery = 5X"+ 7x the areais A, 56X +7x = 5elex’ + 71X’

0-

Undery = 5X"+ 7x + 4 the areais A, 5X +7X +4 = 5o lox’ + 7oL ox + 4ex

0-

Undery = ax’+bx +ctheareais A, aX+bX +c= as-Lox’ +belox’ +cex

As a teacher | need to try new things, do mathematics myself and look for ways to get my
students into more difficult concepts, but at their level. | treat each student as an individual;
| do different things with different students. And | don't wait until | completely understand
everything about an idea before I'll get a student doing it-- that way | learn things along with
my students. It's also why | encourage them to do things different ways. It makes teaching
and learning enjoyable.

5. The rectangle method (the standard textbook method) of finding the area under
curves.

In finding the area under the curve y = X from 0 to 2

31 = 01
a,= %'2'%'2 - 22 K
as = %-2-—;}-2+%—-2-%‘-2 = §§ *«(1+2) , (writing it this way, takes looking for patterns)
_ 4 1 1 2 1 3 _ 22
8= de2etezi ene2aps 12020y = 72—-(1+2+3) and
a,= 2 oJ[1+2+43+4+. (n-1)] = Z. n—%i)“
n n

The area under the curve y = X from O to 2 is

= limit a. = limi _zz_.n;mjl)=1_.2
A, , X |r!r_\:|0|;( a, Ir!rlwg = 5 > 2.
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The area under the curve y = X from 0 to 3 is
= limit a, = limit( 3%« "*0=0 }y= 1,3?
A, , X=limit a, = limit( =- 5 ) > 3.

0-3 n—oo n—0 n

The area under the curve y = Xfrom 0 to 4 is
— lirni = Jimit{ 4%, ne(n-1) Y= 1 .42
A X=limit a,= limit S ____) 74_

0-4 n—oo n-—o n 2

The area under the curve Yy = X from 0 to x is

A X=limit a,= limit(lz—- ”—('2‘—’1) = %-xz, which is what we found before.

n—0 n—oo n2

Now let's find the area under the curve y = X, from X = 0 to 2 using the rectangle
method.

3 3 3 2
a,= 5—3 -[12+22+32+..+(n—1)2]= %3—'(“——”—+l) =

2= limit a,= limit(1_-_1 , 1 ).23-_—i.3
A, X |r!r_1301;[ a, Irlll’_l)‘lolét 3 o 5 *2', as we got before.
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Now let's find the area under the curve y = X*, from X = 0 to 3 using the rectangle
method. The diagrams for a,, a;and a, are below.

RN RN NN

RN ANL AR AN AR
T
LAURNARNANNNNNNY

2 2
a,— (—:]—03) o-l—_11—-o3 + (—ﬁ—o ) o—ll—o3 +

3 3 3 2
a,= :3 -[12+22+32+..+(n—1)2]= 23 -(—“———02—+—2—) and as before
3

2 = limit a.= limit{ L__1,_1 Ye3’= 1.3°
A X—Ilmltan—llmlt(?-?n—J, )3 33.

0-3 n— n—o 6n2



Ch. 13 page A270 cCalculus By and For Young People - Worksheets

Now look for patterns again!
The area under the curve y =X°, from X =0to 1 or A, X =

4
3
The area under the curve y =X, fromx=0to2or A, X’ = 1.2’

The area under the curve y = X", from X = 0 to 3 or A, X = %-33

Generalizing...

The area under the curve y =X° fromx=0toxor A X' = Lo’
The area underthe curve y =X fromx=0toxor A, X = —;—-XZ
The area under the curve y = X* fromXx=0toxor A, X' = Lo’
The area under the curve y = x* from X = 0 to x or A, X' = -}‘— X'

-]
|

The area under the curve y = X" fromx=0toxor A, X' = L X"

The area under these curves from X =01to x :
y=X+1theareais A, X'+1= Locs+x;

y=X-1theareais A, X -1= 1o.x;

=5x"+ 7Xthe areais A, 5X +7X= 5eleX’+ 7o Lox?
y 0-x 3 2

The area under the curve y = X" from X =ato b is just the difference between the area
from X =0to b, and the area from X =0 to a,

n = 1 n+1 _ 1 n+1
Aa—b X n+1 *b ned 8

6. Two problems

The two seemingly unrelated problems ended up with the same solution.
PROBLEM 1: Above we found the area under the parabola y = X*, from from X =0 to 1

which turns outtobe L -1 . _1_ Asn—w the area goes to L.
320 o2 3

PROBLEM 2: Find the ratio of using the white rods as in the picture on p. 256. n would

equal the number of layers, then let n—o . So for this arrangement, the volume of the
pyramid is 1? + 2° + 3% and the volume of the cube is 3%
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the volume of a square pyramid _ 12 +22 432

the ratio we're looking for is the volume of a cube 33

. Now

; 24224321 4n?
increase the number of layers to n, we get — . From our work above the sum
n

3

N

n’ . n . n
of the first n squares is —'},)i+£22—+%.The ratio then is —3 n§ "6 = %+%+ 6;2 and
IJT&(%+%+ 6:‘2 ) = % Lo and behold this is the same answer as we got for
PROBLEM 1! _
Richard and | wrote this program at the right. We got A program in_basic to get
1, .625, .518, .469, .440, .421, .408, .398, .390, these ratios:
.384, ... and for n=200 about .335, a slowly 10 x =1
converging sequence approaching .333... or -1.. 20s=0

. : . 30s=x"2+s
Grace noticed the likeness of the 2 problems. This 50 PRINT (s/x"3)
was very exciting! 60 X = x+1

70 IF x>20 THEN STOP

Much of this discussion on the 2 problems was 88 G(;(T(z)OSOH S
published in the Dec. 1979 issue of Mathematics 90 END

Teaching, a journal of The Assn. of Teachers of
Mathematics, in England.

7. The natural logarithm is the area under a curve and an infinite series.
Write a log statement for the following exponential statements:

2°=32 <lo0g,32=5

x’ =216 < log, 216 = 3

a'=yolog,y =x

Write an exponential statement for the following log statements:

logso 1000 = 3 <10” = 1000

logg512 =x < 8 =512

log,F=we m'=F
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10 logs values or  log4=2-+log2=log 2’
log 1 0.000
oG 2 0301 and  0.903 =3-0.301
log 3 0477 or log 8 =3 «log 2= log 2°
log 4 0.602 generalizing, we get aslog b= log b”
log > 0.699 Also notice 0.301+ 0.477 = 0.778, which is
log & 0.778 log 2 +log 3 =log 6 = log (2+3) and
log 7 0.845 N
log 8 0.903 generailzing,
log 9 0954 logr+logs =log (res)
log 10 1.000 How about log —;— = log 2 and generalizing,
log 20 1.301 )
log200 2301 log (4-)="log (2-)
leg 2000 3.30
jog | g3g1  andlog (2% ) =1log 100 = log 200 - log 2 = 2.301 - 0.301
log 0602 T2

generalizing, log (% ) =log A -log B
These generalizations (identities) hold for logs to any base.

A program which will get the infinite series for
logo(1+a)=a- 1ea’+ Lea’- L.a"+ Lea’- .

2 3 4
FX7000G in Basic
?->X: 10 input x
1->N: 20 s=0
0->S: 30 For x=1to 20
Lbl 8: 40 s=("1)Mn+1) x(x*n)/n + s
(DX (N+1)x(Xx'N)+N—A: 50 print s
A+S—>SA 60 Next N
N+1—N:
Goto 8

Remember this series converges only for numbers between 1 and 1.
See if you can find log, 3 , log, 4 and others using this same idea of Newton's.

If you try to use the rule we found above to find the area under the curve y = X" from X =0

toxor A, X' =1 X""to find the area under y = Whichisy = X' you'll see what

Sean did, that the denominator of the fraction Fl_f goes to 0 which makes the fraction

blow up. So the rule we found to find the area under the curve y = X" from X =0 to x or

A, X =_-1_x"" doesn't work when n="1.
n+1

8. Area under the normal distribution curve.

The area under the normal distribution curve y=—1.e 2 s 1.

7z
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Question worksheets for chapter 14
"Slopes and The Derivative"

1. Slope, rate and ratio. We started graphing in chapter 1 Y 2x=y
but the bulk of it is in chapter 6; the graphing is important Fy
because the derivative can best be shown this way. Let's

look at the graph of 2X = y. Notice that if you go one unit to

the right, you go up 2 units. This ratio of 2, %jﬁ- is called

SO N = )
:“\_

the slope of the graph. The idea of slope appears in ’,#

many contexts; for example, the slope of a mountain (see 3 2

Alec's work later), the pitch of a roof (which is % the slope 2 # ;

of the roof), and the gradient of a road. If you were 1+£

measuring the time an ant moved along the ground, you Uif -
might let the X-axis represent the time and the y-axis 01 2 3

represent the distance travelled by the ant. Then the slope
of the graph, 2,

would represent the average rate of speed, &ﬁﬁgﬁ , of the ant, say 2 centimeters per

second. This idea of rate or ratio is used in many ways; for example-- interest rates,

(# of dollars per 100 dollars, the word "per" means "divided by"), exchange rate, inflation
rate, discount rate, pressure in tires (Ibs. per sq. in.), typing speed, film speed, shutter
speed, wind speed, population density (# of people per sg. km.), density of materials (mass
per unit volume- g/cc), cost of food in price per g), frequency of electromagnetic radiation
(hertz or cycles per second), speed of light, speed of sound, pollution rate (parts per
million), postal rates, shipping rates, rpm (revolutions per minute of a car engine or
turntable), pulse rate (beats per minute), crop yield (bu. per hectare), flow of a stream or
blood, signal-to-noise ratio, gear ratios, trig ratios (sine, cosine, tangent), probability of an
event, batting averages, e.r.a., and growth rates, just to mention a few.

X
_IJ—_YD— The other thing we can say about the graph and data of the
:} 2 ant is that the distance the ant travels is a function of time.

12 H} Of course we won't get a nice simple graph from real data.
2147 2 We talked about functions or guess the rule, in chapter 6.

al o 72 We should also look at the differences in the numbers. The
TR 2 y-number goes up by 2 as the X-number goes up by 1,
418~ which shows up as the slope on the graph!
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2. Linear graphs and their slopes.

Find the slope and equation of each linear
graph at the right and below and write its
equation. Do you notice anything about

The slope of the

the two lines below? 'i ® graphis _
* s equation is:
g-
i B —xXt__=¥
q The slope of the 71
- The slope of the
g = graphis __ ¥ - aph
7 s equation is: * Jrapnis __
6 ; / X+ __=y i//"‘/ » Iks equation is:
."'.’ x4+ =
T The slope of the 3 / = ="
4 « graph s 5 - The slope of the
?? ks eqquation iS'_ ,Tf ® graphis __
2 xh =y ol o | IG5 ECUALION IS
1 01 2 3 4 x4+ =y
0 -
o1 2 3 4
Y
4
8 The slope of the
Find the slope and the equation of \\? » graphis __
each graph at the right. What do 5 Ibs equation is:
you notice about the slopes? 5\‘\ > x+ =y
4 o
o 3 The slope of the
Make up some other linear graphs ] ,
] O graphis
of the form Aex + B =y for a friend .y 9 p o
to find the slopes and equations. 1 \k Ibs equation is:
0 . - —*t =Y
D1 2 4

Find the slopes and equations for the two graphs below, then make up more equations

and graphs to find the slopes. Make tables of numbers and how the numbers are

related to the graph and to the equation.
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v v A
A A
T I S E— 24
1+ 1
0 t i~ ] -
0 1 2 0 2

‘+

3. Alec's slopes of mountains and stairs
Alec, 13 years old at the time, made a scale drawing (numbers in feet) of the lllinois
landscape from a topographic map of Champaign-Urbana:

cross section
landscape of llinois £
- | =]
L‘-';“ 7 ""’"'tl
b S—
o dgo0

Using a topographic map of New Hampshire, he also found the slope of Mt.
Washington. He found the elevation or height of the mountain from the map,
measured to the approximate base of the mountain. He made a scale drawing, and
found the slope to be 0.304 . The slope turns out to be the tangent of the angle of

elevation. Using his dad's calculator -- he used tan ' 0.304, the angle whose tangent is
0.304 or the inverse tangent of 0.304 (make sure you are in degree mode). He found
the angle of elevation to be about 17° (lan's legs think this is too low!).

M. Washington

6288 6288-2032
N —— =.3040
5000 3040
4000
30001
2032 e
20344 " ik 2032
2000 17 - Bl

1000 2000 5000 7000 G000 11000 13000
2000 40007 BOOD  BOOD 10000 12000 14000
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Alec also made scale drawings and found the slope and angle of elevation of a
wheelchair access ramp and nearby stairs.

How about you doing a couple of these. Guess the slope first. Which of these do you
think would have the larger slope? You might want to find the gradient (slope) of a

portion of the state highway near you; try to find the slope of something of your own, in
your house, part of your house, near your house. Compare your work with that of a

friend or work together to do some.
4. Stories from graphs-The following are problems from "The Language of Functions and
Graphs" published by The Shell Centre for Mathematical Education, University of
Nottingham. They lead into the following problem of the derivative very nicely. Choose the
best graph to describe each of the situations listed below. Copy the
graph and label the axes clearly with the (a) (s3]
variables shown in brackets. If you cannot find
the graph you want, then draw your own version
and explain it fully.

1) The weightlifter held the bar over his head for

a few unsteady seconds, and then with a violent (ch) te)
crash he dropped it. (height of bar/time)

2) When | started to learn the guitar, | initially

made very rapid progress. But | have found that

the better you get, the more difficult it is to )
improve still further. (proficiency/amount of (g ih)
practice) \_/
3) If schoolwork is too easy, you don't learn

anything from doing it. On the other hand, if it is
so difficult that you cannot understand it, again . K
you don't learn. That is why it is so important to (0
pitch work at the right level of difficulty
(educational value/difficulty of work)

7

(n

D
~

4) When jogging, | try to start off slowly, build up to a comfortable speed and then slow
down gradually as | near the end of a session. (distance/time)

5) "In general, larger animals live longer than smaller animals and their hearts beat
slower. With twenty-five million heartbeats per life as a rule of thumb, we find that the
rat lives for only three years, the rabbit seven and the elephant and whale even longer.
As respiration is coupled with heartbeat--usually one breath is taken every four
heartbeats--the rate of breathing also decreases with increasing size. (heart rate/life
span)

6) As for 5, except the variables are (heart rate/breathing rate)
Now make up three stories of your own to accompany three of the remaining graphs.

Pass your stories to your neighbor. Can they choose the correct graphs to go with the
stories?
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a

K
Jonathan's Mom wrote: "Jonathan suggested a §
story about tornadoes and low pressure areas; 5
we ended up with the graph at the right: E
note: we didn't know if this 'jives' with scientific %
fact, but we had fun with the discussion." £

of 1-10

10 "‘-\——.‘H_
; T
g+ h,
8T A
7T
6 s
5 +
9+ 1
7t just broken
w wWindows
21
1T "\.\\\-"

23 50 79 100 125150175

distance from tormado's path in feet

Give a simple number that will closely

approximate the slope of each of these lines:  a.

f
b d d___
e
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5. Use your pencil to approximate the
slope of the tangent to various curves at
certain points:

Now comes the big change. We've been
finding the slopes of straight lines, now the
question is what is the slope of a curved
line?

Well it changes, right? So what we do is find
the slope of the straight line that touches
the curve at one point or we say is tangent
to the curve at that point.

Shown at the right is the graph of y = X,
Put your pencil (the dark line) next to the
curve at various points and try to
approximate the slopes of these lines. At
(1,1) the slope is about 2.

At the right is the graph of the X-coordinate
of the point above vs the approximate slope
of the tangent line at that point. So at (1,1)
the slope is about 2, so we plot the point
(1,2). Plot more points on this graph.

What do you notice?
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A

tangent
'_-"""-Fr tO

curve at
2.4

~ tangent to
curve at 1,1

-

-2 -1

e 12
2 i

Approximate slopes of tangents

to the curve x2

A

4

- slope of
tangent
at 1,1 about 2

e
p
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Shown below is the graph of y = €". Put
your pencil next to the curve at various
points and try to approximate the slopes
of these lines.

¥
S
4
3
2 {
/H
_//1."
e —
-2 -1 1 2

Sketch the graph of approximations to the

Shown below is the graph of y = In X Put
your pencil next to the curve at various
points and try to approximate the slopes
of these lines.

s
™
=
i
X
<"
=21

Sketch the graph of approximations to the

slopes of the tangents at various points on slopes of the tangents at various points on

the curve y = e” above.

Approzdmations to slopes
of thetangentstothe
curve y=e¥

i

4

L]

the curve y =In X above.

Approwinate
slapes of tangents to
the curve lnx above

=5
¥
s
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Shown below is the graph of y = sin X. Put
your pencil next to the curve at various
points and try to approximate the slopes
of these lines.

1
/’\~ Y =5inx

Y\

] + i
1 2 3 4 5 &/
5 /
-1 R

Sketch the graph of approximations to the
slopes of the tangents at various points on

the curve y = sin X above.

Approximate slopes of tangents
to the curve y=ginx

¥ o
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Shown below is the graph of y = cos X.
Put your pencil next to the curve at
various points and try to approximate the
slopes of these lines.

L
! [ - ~
Y W=C05 K /f-‘
3 k'\.~
. b / ol
T %2 3 4 J5 8
-5 /
.
-1 W/

Sketch the graph of approximations to the
slopes of the tangents at various points on

the curve y = cos X above.

Approximate slopes of tangents
to the curve vy=cosx
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6. Using the computer to "zoom in" on a curve
at a point and then finding the slope of the
tangent to the curve at that point.

At the right are pictures of a computer screen in
Derive, reduced in size, starting with the graph of

y=Xsup5(2) with the cross at the point (1,1) and a

scale of X:1, y:1.Each dot is 1 unit apart vertically
and horizontally. We then "zoom in" on the graph,
at the point (1,1). What does "zooming in"
essentially do? It changes the scale on the axes.

The second graph shows the same curve, again
centered at (1,1), but the scale is x:0.2, y:0.2

The third graph ends up 0.02 of a unit apart .
Notice what happens. In this small portion of the
graph, the curve looks like a straight line, as far
as the eye can see! The slope of this line then is
essentially the slope of the curve or the slope of
the line tangent to the curve at the point (1,1).
Using the dots on the screen, we can find the
slope of this line, which is 2, the slope of the
tangent to the curve at (1,1). As far as | know, this
idea was first done using Derive by my partner in
The Math Program, Jerry Glynn.

We can then do the same thing at various points
on the curve y=x" and try to find a rule relating the
X-coordinate of the point to the slope of the
tangent to the curve at that point. This rule you
find will be the derivative of X", | think this idea
makes the derivative, which | used to think was a
difficult concept, into something very simple.

Croszat 1,1
Scale 1 v

C_ros-se_tt 1,1_ .
Scale »:0.2 % 0.2

Crossak 1,1
Scale x:0.02 v:0.02
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We'll do one more example of the zcoming in on a
curve, then we'll see how we can do this without the
computer. This is exciting.

At the right are 3 computer screens in Derive with
part of the graph of y= ,/ 25 -x2 , or part of the top
half of the circle X + y* = 25 whose center is at (0,0)

with a radius of 5 units. We then zoom in on that
curve at the point (3,4).

The second screen picture is of the same curve, with
the cross still at (3,4), but the scale is 0.2 this time.

The third screen picture is of the same curve, with
the cross still at (3,4), but the scale is 0.01 this time.

What do you get for the slope of this "straight”
section of the curve?

How is the slope related to the coordinates of the
point?

Could you predict the slope of this curve at the point
(4,3)?

Would you predict the slope of the tangent to the
curve at the point (X,y)?

Calculus By and For Young People -- Worksheets

Crossat 3,4
Scalex:1v:1

Crossat 3,4
Scalex:0.2 v. 0.2

-------------
--------------
----------
.........
-------------
-------

----------

« Crossal34 - « - » - . -
« Scalex 0.01y: 001 « . .
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Suppose you don't have a computer
to "zoom in" on the curve, can you do
this? Sure! Just change the scale on
your graph paper; actually | just drew a
diagram like the one shown at the right
using 0.001 as the distance my points
are apart. What | did was to say | was
zooming in on the curve y = X’ at the
point (2, 2%). | then found the the slope of
the almost straight line segment from the
point (1.999, 1.999°) to (2.001, 2.001%)
using a calculator. | got 4.000000000 as
the slope of this line, close to the
tanggnt to the curve y = X at the point
2, 29.

Going from (2, 2°) to (2.001,2.001%),

L (24.001)2 - 22
the slope of the line is “(2+.001)-2

Ch. 14 page Q283

Zooming inon the curve %= K
atthe point (2,24

(2.001, 2.009°).

the curve %= o

the point{2,29) .
i L~ 2.001%-1.999°
(1.999,1.999) Y

A

2.001-1.999

- 2 2
2.001°-1.999
slope = 1.989° _ 4 gpopoooon
1oumeopy  <-d01-1.933

= 4.001, very close to 4. If you want to get a better

approximation, try going from (2, 22) to (2.0001, 2.00012).

"Zoom in" on the curve y=x2 at the point (3, 32), using the slope of the line from (3, 32) to
(3.001, 3.0012) and also from (2.999, 2.9992) to (3.001, 3.0012) to see how they differ; then
do a similar thing for (4, 42) and (10, 102) to find the slope of line which is close to the

tangent to the curve at each point.

Fill in table below showing the X-coordinate and the slope of the tangent at that point

X-coordinate 1 2 3 4 5 ...

slope of tangent 4

Find a rule relating the X-coordinate of each point and the slope of the tangent at that

point?
This rule is the derivative of X.

Why do you think the slope of the line, when you go the same distance either side of the
target point, is exactly the same as the slope of the tangent at that target point?

Now zoom in on the curve y = X’ at the points (1, 1°), (2, 2°), and a few others. Make a
table like we did above. See if you can figure out the derivative of X’ this way.

~and x*?
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7. Derivatives as done in textbooks

At some point when lan was 11 years old, he and | went through the following discussion to
get the derivative of X°, which is the slope of the tangent to the curve y=x2 at any point (X,
XZ). This then led to the derivative of X" and other functions.

We found the slopes of the curves above in 2 ways, by putting our pencil next to the

curve and approximating the slopes of these lines, then we zoomed in on the graph at
certain points and calculated the slope of a line very close to the tangent to the curve.

Now our strategy will be to find the slopes of lines from point A, to points to the right of
it on the curve, like B, then from A to C and so on, getting closer and closer to point A.
We will get an infinite sequence of slopes of lines which will approach the slope of the
tangent. The limit of this sequence will be the slope of the tangent to the curve at the
point A.

2 approxdmations
tothetangent - e B
PN _-= Uy
11% .-.‘F—F(L-
a / =x--- change
7 iny
/ e
A S tangent i/ .
A o curve A slope of AB = c_ha_n_g_e_ﬂlr_
- ; changeinx

changeinx

The scales on the following graphs will be distorted in order to show the straight lines
clearly. Once we do one of these infinite sequences of slopes, the rest of them will be
easy, because there will be patterns, as usual, which will make it possible to predict
others.
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The first problem will be to find the slope  The skz)pe of the line from the point (1,1°)
of the tangent to the curve y = X“atthe 10 (2,2")is
point (1,1%), shown below. slope X2 = 21 _ 4

(1.7

2-1

-
-

y:xz
' A

”ﬁ i

-

2
2
(1,1%)
2L ;y
TR — 1
0
0

Now we'll find the slope of the straight line Now we'll find the slope of the straight

from (1, 1%) to (14 ,1%2): line from (1, 1°) to (14 ,1%2):
.?. _ 2 ‘:"' s = “2
=X Y=
} * 4
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Look at what's happening to the slopes; we have 3, 2% ,2% ,or 2+1,2 +-;— 2+ 1

3
Predict what you would get for the slope of the straight line from (1, 1) to (1 —}1— A %2 )
Draw the picture, then find the slope to see if your prediction is right.

If we extend this sequence of slopes, and call h the number we add to the X-coordinate of
our point (1,1), what happens to this sequence as h gets closer and closer to zero?
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Generalizing this sequence of slopes of straight lines approaching the slope of the tangent

2 2
to the curve y = X° at the point (1, 1°), we get  slope x? = {1l =L
(1.2) (1+h)-1

From chapter 9, to get (1 + h) ? we can use the identity (A + B)2= A’ + 2AB + B* and
substitute 1 in for A and h in for B.

. . 2 —_—
Now we want the limit of this sequence as h— 0, which we'll write as Ig‘f_fj(l)t -(1—(:%_—11: ?

What do you get for the limit of this sequence?

Now find the slope of the tangent to the curve y = X* at the point (2, 22) in the same
way as we found the slope of the tangent at the point (1, 12). Draw the diagrams, then

2
find the slopes of the lines from (2, 2°) to (3, 3%) and from (2, 2°) to (2+—;— ( 2+ ) )

2
and from (2, 2°)to (2+-,(2+L) ) .The first 2 pictures look like these:

-:_;::,(2

So what do you get for these slopes?
Predict what you would get for the slope of the straight line from (2, 22) to

2
(2 + 71—, (2 +—41-) ) Draw the picture, then find the slope to see if your prediction is right.

If we extend this sequence of slopes, and call h the number we add to the X-coordinate of
our point (2, 22), what happens to this sequence as h gets closer and closer to zero?
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Look at what's happening to the slopes from (2, 22): we have 5, 4%, 41 or 4+1, 4+% ,

a1

3
1

4+ .

Generalizing this sequence of slopes of straight lines approaching the slope of the tangent

2 2
to the curve y = X’ at the point (2, 22), we get slope x? = ﬁz(—;—:%‘)—_;— Now we want the
(2.2%) -
o : , — o (240)7 - 2°
limit of this sequence as h—0, which we'll write as le(gt ~ L —_ =7
-0 (2+h)-2

What do you get for the limit of this sequence?

Now find the slope of the tangent to the curve y = X’ at the point (3, 32) in the same way as
we found the slope of the tangent at the point (1, 1°). Draw the diagrams, then find the

2
slopes of the lines from (3, 3°) to (4, 4°) , from (3, 3°) to (3+ 1, (3+%) ), from
2

. 2 2
(3, 32)t0(3+i,(3+%) ), and generalize to lri]njltﬂ’ﬂ__g‘_ =

0 (3+h)-3

What is your prediction for the slope of the tangent to the curve y = X’ at the point
(4,4)7(55)7

Fill in table below showing the X-coordinate and the slope of the tangent at that point from
what we've done so far:

X-coordinate 1. 2 3 4 5 .10 . X

slope of tangent 2 4

In general then, the slope of the tangent
to the curve y = X* at the point (X, X°) is
the limit of the sequence of slopes of
straight lines and is written as

2 2
limit (x+h)" -
h=0 " (x+h)-x

and what would this be equal to?
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8. Tickertape -- application of derivative

For this next problem you will need the tickertape or recording timer; see the bibliography
under materials.

The problem is to see what happens when an object is dropped and find its speed after 4
ticks of time.

Clamp the timer to a table, near its edge. Attach a weight to the paper tape, start the timer,
let the object fall to the ground. Marks are made on the tape by the timer at equal time
intervals.Try different size objects (a brick, a bolt..). Try just pulling the tape through the
timer to make the dots the same distance apart; further apart but the same distance apart.
Just experiment first. How can you tell from the dots on the tape about how fast the object
moves?

Now get the data we'll graph. Take one object and get the marks on the tape as the object
falls to the ground. The time between dots is the same.Tear off the tape. It will look
something like this:

T!l?e" 01 2 3 4 5 6 7 3 ';‘;

- - . - - 1 'l +

Measure the distance from the first point (do the best you can here, because it's sometimes
hard to tell where the first point is), to each of the points on the tape. Make a table to keep
track of the data:

After tick # 0 1 2 3 4 5 6 7 8 9 10 1 12 13
The distance 0

weight fell

(mm)

Graph the distance vs time from the table above, with the time (in ticks) on the horizontal
axis and the distance on the vertical axis. What do you notice?

Measure the distance between the marks on the tape, or the differences in the distances
from the table above. Then graph the change in distance vs. the time, which is the average
speed vs. time graph. On the vertical axis put the change in distance, the time on the
horizontal axis. What do you notice?

Calculate the change in speed between ticks, the second differences from the table above
and represents the acceleration of the object as it falls. Then graph the change in speed vs
the time in ticks.

Using these graphs, find the speed of the falling object after 4 ticks.

Graphing real data, never gives perfect graphs such as y = X, y=2X andy =2.The
thing about the mathematics vs say, physics, is that the mathematics, although theoretical,
describes physical reality close enough to enable us to predict very precisely, many things.
That's why mathematics is so important to understand, both as a discipline unto itself, and
for its applications in so many other fields.
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Where do we stand on the derivatives, the slopes of the curves so far?
The slope of y =2 is 0 (a horizontal line has a slope of 0)

The slope of y =3Xis 3; the slopeof y=mxX +b ism

The slope of the tangent to the curve y = X* is 2X

Find the slope of the tangent to each of the following curves (the derivative): y = 5x°
y =X +3X +7

9. Now let's find the slope of the tangent to
the curve y = x’ at the point (5,5°). What is
your prediction first?

The slope of the line frg)m
(5,5°)to (5+1, (5+1) ),

S5+h]™
_ s _ (541’5 _ [
= slogex B =91
(5,5”)
Find the slope of the Ii3ne from (5,5°) to
(5+1.(5+1)) 53]
Find the slope of the line from (5,5°) to 0-

(5+4.(5+3))
Find the slope of the line frogn (5,5°) to
(5+.0001, (5+.0001) )

3
In general, find the slope of the line from (5,5°) to (5+h, (5+h) ),as h—0, in other words,
find
it (4~ 5° _
0 (5+h)-5
What would the slope of the tangent to the curve y = X’ at the point (6,6°) be?
What would the slope of the tangent to the curve y = X’ at the point (x,x3) be? This will be

the derivative of X'

the slope of the tangent to the curve y = X’ at the point (5,5°). Itis im

function itz derivative
V=2 0
Fill in the table at the right with the functions and Y=an A
their derivatives you've found so far. Look for some y =32 2%

patterns.
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10. Rectangles of a constant perimeter of 20

One other application of the derivative which | think is important, besides velocity and
acceleration, is using it to find the maximum and minimum of a function. One simple
example (which can be done without the calculus as well), is to find the length of the
rectangle with the largest area, that has a perimeter of, say 20.

First, draw some rectangles with a perimeter
— of 20, like the 1x9 and 2x8 ones at the left.

- Fill in the table at the right with the length (L),

WA
| width (W) and the area (A) of each rectangle. g q
|| g |16

Graph the length vs area as shown at the far
right. Find the equation of your graph. To
help, use the relationship between L and W in
the perimeter, which is 20.

At the maximum point of the graph the
tangent to it is horizontal and its slope = 0.
Find the derivative of this function, set that =
0 and solve the resulting equation for L, the
answer to the problem.

W00 ] O AR e LD o =) T
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Answer worksheets for chapter 14

"Slopes and The Derivative"

2. Linear graphs and their slopes

Y ;

/
gl - The slope of the
3 2 = graphis 2

1S o
¥ & ks equation is:
6 f?/ du+ o=y
!’ {,-"

57{ The slope of the
N I + graphis 2
k]
f;“ 1 ks equation is:
= 2i+ J=vw
1
0 I
o1 2 3 4

Notice if the slopes are the same, the

lines are parallel.

The graphs of 2x+5 =Y and %x +

2—;— =y are perpendicular and their

slopes are negative reciprocals of each
other or the product of the slopesis 1 =
2 -—;— . With a negative slope you go left

1and up 2 or—il =
1

2, or you can go down 2 and right 1

or-2 =
1

2, either way. For the fractional slope of
% you can think of this as going 1 to the

1
right and up—;—for % or going 2 to the

right and 1 up for%. In either case you

get a slope of —;- :

The slope of the

A, # graphis 3
9‘_" * ks equation is:
g f Ax+6 =v
3
ZM The slope of the
- o 1
?, 1 Ll % graphis 3
A2 ks equation is:
T = | !i_r/ 5 X+ B = -:.’,
24— - a1 The slope of Atheg
- ® graphis 3
1 ? o | It equation |—s
o1 2 3 4 —§x+1 =¥
3
8 The slope of the
\5 7 = graphis ™2
2. lbs equation is:
= 2+ 5 =
s f = ¥
4 oy
. }i/ {1 The slope of the
e AN © graphis 3
i * Iks eqtﬂatlonssz
1} | W §X+2§=y
o1 2 3 4

Ch. 14 page A293
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A A
D 2
1+ 1
0 ——~ 0 -
0 1 2 0 2

For the horizontal line at the left above the slope is 0, and one can write the equation

as 0X +2 =Y ory = 2. No matter what value you put in for X, the y value will be
always be 2.

For the vertical line at the right above, the slope doesn't exist, but one can write the
equation as X =1 or 0sy + 1 = X, no matter what you put in for y, the X value will be 1.

Notice that the X and y are interchanged in their position in the equation...hmm.
Raises new questions!

3. Alec's slopes of a wheelchair access ramp and nearby stairs.

‘L R I 12.26°
S0 15 20 25-30,35 40 45750-55, 60,65 70 75 20 #5 9002

- - -
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93
an
a0
it
&0

a0
40

a3
el

2
[

10in

100n 20 30 40 50 60 70 20 90 100 110120 130 140 150 160

4. Stories from graphs

Story #1— graph f; #2 > g; #3 > k;#4 —> e; #5 > c; #6 —» a

(h)
Jonathan thought that (h) would be good to illustrate the stock
market, especially the recent crash (written 8-12-89). He said the

vertical axis could be the # of sales & the horizontal could be months.

the slope of each of these lines is; a. _2

C
a —————————— [+ .
f
b d
e Infinite

:C.'l'
™

by

Pl
lm[—*l o

-
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-2 -1 /

tangent
1o

" curve at
2,4

/

_~ tangent to
curve at 1,1

1 2

Approximate slopes of tangents

to the curve x2

|
4 %
slope of tangent
at 2,4 about 4
2 ®
slope of tangent
at 1,1 about 2
. -
-2 -1 w1 2
~ slape of tangent
at 0,0 about O
L
‘-%\"“- slope of tangent
at™1,1 about "2

The derivative of X is the line 2X.
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nx

Approximate
" slopes of tangents to
the curve Inx abowve
21 &
1+ =
*
» -
e
DD 2 4
The derivative of In X is this curve which is
a1
X
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¥
111 -
_.r‘/ : y=5inx ¥=C05 % :

-c \ ; e \ /
. h R i
\
l\\ .-'/Jj‘ \'\N /(.‘J
Iy ey
- L -1 e

Approximate slopes of fangents

) Approximate slopes of tangents
to the curwe w=%Inx

o the curve cosx
X

11 » 1 L ]

5 3

0 & L A ] i

1 2 3 4 5 1] 3 1 2 3. q 3 i}

s -5

-1 L -1 &

Watch out for the scale. The slope of the  This graph turns out to be the opposite of

first pencil line looks bigger than 1, but the sin X, so the derivative of the cos X is
because of the scale, it is 1. This graph ~sin X

turns out to be the cos X , so the
derivative of the sin X is the cos X.

6. Zooming in on the curve y = X
"Zoom in" on the points (3, 3%), (4, 4°) and (10, 10%) to find the slope of the line which is
close to the tangent to the curve at each point

Going from (3, 3%) to (3.001, 3.0012): slopex’ = 390¥-3" -5 001 or
3.97) 3001-3

Going from (2.999, 2.999%) to (3.001, 3.001%):

30012 - 29992 _ (3+.001)° - (3-.001)

2 _ =
slopeX”™ = = 5577099 (3+.001)- (3-.001)

(3,39

= 6.00000000.001

2 2
Going from (4, 4°) to (4.001, 4.001%): slope X* =5§%1()—1-:—§—= 8.001 or
(4,4%) '
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Going from (3.999, 3.999°%) to (4.001, 4.001%);
4001 - 3999° _ (4+.001)* ~ (4-.009

2 —
S(L(??)ex T T 4001-3999 (4+.001)— (4-.007) = 8.00000000 .
2 2
Going from (10, 10%) to (10.001, 10.001%): slope x* =939 =10 = 20.001 or
(10,10%) '

Going from (9.999, 9.999%) to (10.001, 10.001%):

slope X’ = 10001 - 9999° _ (10+.001)* - (10-.001*

(10.10%) 10.001-9.999 (10 +.001)- (10-.001) = 20.00000000

The table showing the X-coordinate and the slope of the tangent at that point is below:

X-coordinate 12 3 4 5 .10 .. X
slopeoftangent 2 4 6 8 10 .20 .. 2X

The slope of the tangent to the curve y=x* at the point (X, X*) is 2X. The derivative of X*
then, is 2X.

Why does the slope of the line joining 2 points whose X-coordinates are equidistant from
the one we are finding the tangent to, turn out to be exactly equal to the slope of the
tangent?

In general the slope of this line (no matter how big or small h is) is

(X+ h)? - (X-h)? (xz +2Xh+ hz) -(xz - 2Xh+ hz) Xt
X+h-(x-h) 2h =0 = 2X

Does this work for any other curve of higher power than x*? No.

Now zoom in on the curve y = X® at the points (1, 1%), (2, 2°) and a few others. Make a table
like we did above. See if you can figure out the derivative of X°

3 3
Going from (1, 1°) to (1.001, 1.001°): slopex’ = 1200 ~T_ =3.00300100

. (.1%)
3 3
Going from (2, 2°) to (2.001, 2.001°): slope X* = 2302 = 12.0060010
2.2%) T
3 3
Going from (3, 3°) to (3.001, 3.001°): slopex’ = 270=% =27.0090010
(3.3%) '
3 3
Going from (10, 10°) to (10.001, 10.001°): slope X® = %:300.0300000 or
3 ; -
(10,10%)

Going from (9.999, 9.999°) to (10.001, 10.001°):

slope X = 10001 -~ 9999° _  (10+.001° - (10-.009°
(10,10%) 10.001 - 9.999 (10 + .OO1)~ (10—.001)

closer answer to 300, but not exactly 300. So this going either side of the target point gets
us a better approximation to the slope of the tangent to the curve.

= 300.0000005 This time we get a much
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The table showing the X-coordinate and the slope of the tangent at to the curve y = x° at
that point is shown below:

X-coordinate 1 2 3 10 .. X
slope of tangent 3 12 27 300 .. 3X°
The derivative of X° then, is 3x°

Zooming in on the upper half of the circle y = ,/ 25-x2 at the point (3,4) we get ‘4—3

for the slope of the tangent. At the point (4,3) we get “74 for the slope of the tangent.

In general, the derivative is % . Looking at patterns certainly makes things much simpler.

7. Derivatives as done in textbooks

From Feb. 1982 to Feb. 1983 lan went through a very prodigious period mathematical
discovery (not to diminish his earlier and now | can say, his later work). He is presently in
his sophomore year at Oberlin College, developing new theorems in graph theory. He also
tells me he is doing things in his calculus class like using the properties of the Nautilus
shell, that of constant ratio of distances from the center and constant angle (as Yao did in
chapter 6), to show it is a logarithmic curve. In January of 1982, at age 11, upon my
suggestion, he started reading W. W. Sawyer's "What is Calculus About?". During this year
he figured out the derivative of X" and discovered the fundamental theorem of the calculus.
He did some work on Maclaurin's Theorem, as well as all his work on the binomial theorem
(see chapter 9). My role as the teacher was one of giving a few suggestions. | always felt |
was not really teaching lan much at all, but providing an atmosphere in which he could
"learn to learn" as he put it. He was always raising questions, pondering the mathematics. |
dare say, through about age 14, lan spent more time thinking about mathematics than 90%
of us do in our lifetime, combined! Although lan is an unusual young man, | have worked
with a many others, including girls, who are capable of much more than I ever thought
possible. If we believe young people can do great things, they will do it -- | am convinced of
that. But | am also convinced there has to be a big change in how this is done with young
people. | think all too often curricular changes come from textbook salesmen and college
professors, neither of whom have ever worked with young people. That's why what Bob
Davis did in the 60's and 70's was so important, he did it with young people and showed
me the way! Get a hold of Davis' books in the bibliography.
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y y=x2
In finding the slope of tangent to the curve A
y = X at the point (1,1%), we found the slopes ‘ﬁ[
of the lines from (1,1%) to (2,2%), (1,1%) to (1 L
A4, (1, 1)t (1L 117) we get 3, 21,
2%, or2+1,2 +%, 2+ % The picture at the

right shows the straight line from 12

(1.1 to (11 ,122); its slope is 2 -2

) I
(1+%) —12=1_%_=2+i_ D[ O
Teg 3

Let h be how much we add to the X-coordinate of our point (1, 1%). We will have h
decrease. We can extend this sequence of slopes 3, 2—;-, 2%, 2% , 2%, 2%, Lor2+1,2
+%, 2 +%, 2 +% , .2+ h, ... What's happening as h goes to zero? The limit of this infinite
sequence of slopes is 2, or more formally,

,
limit (40" =% _ jimit 1+2h+h® -1 _ jimit 2heh” _jimit(2 + h) = 2
h—-0 (1+h)_1 h-0 1+h-1 h—0 h h-0

So the slope of the tangent to the curve y = X* at the point (1, 17) is 2.

Look at what's happening to the slopes from (2, 2°):we have 5, 4%, 4-:1,—, ord4+1,4 +%, 4
+1

-
Generalizing this sequence of slopes of straight lines approaching the slope of the tangent

2
to the curve y = X’ at the point (2, 2°), we get slope X’ = @xh) - 22
(2’22) (2+h)—2

of the tangent, we want the limit of this sequence as h—0,

.. (2+h)2—22 <o 44 4h 2 .. 2 ..
limit 1220 ~ 2 = |limit 4+4h+h -4 _ |imit 4nth  _limit(4 + h) =4
h-0 (2+h)_2 h—0 2+h-2 h—0 h h-0

Now to get the slope

Generalizing this sequence of slopes of straight lines approaching the slope of the tangent

2_ a2
to the curve y = X* at the point (3, 3%), we get slopeX’ = @rh) -8
(3’32) (3+h)—3

2
it 3+~ 3% _ Jimjt 9+6h+h’ -0 _

. . . I'
The limit of this sequence as h—0, imi B3 ml =

- 2
limit —qh—ﬁ—h— =limit(6 + h) = 6 = the slope of the tangent to the curve at (3, 3°).

Filling in the table below showing the X-coordinate and the slope of the tangent at that
point, looks like this:
X-coordinate 1 2
slope of tangent 2 4

3 4 5 .10 . X
6 8 10 ..20 ..2X
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In general then, the slope of the tangent to the curve y = X* at the point (X, X°) is

- 2_ 2 _ 2 . 2 .
limit (X+h)" =X _ fimjt X2 +2xh+h” = _ fimjt 2xh+h® _ fimit (2x + h) = 2x
h-0 (X+h)—X h-0 X+h-x h—-0 h h-0

8. Tickertape -- application of derivative

The following was from a student's work. The tape is shown below.

Tare 0021 4101 :
As the weight fell, the time between the ticks stayed the same and the marks spread
further apart.

After tick # 1 2 3 4 5 6 7 8 9 10 11 12 13
The weight 6 145 25 37 53 725 945 1215 153 191 235 285 342

fell (mm)

v
4300 Graph #1

The graph #1 at the right ---the distance (in mm.) from 400
the starting point vs. time (in ticks) turns out to look

very much like a parabola. The distance travelled 350
increases in each time unit as the weight falls. Galileo
first recorded data like this and found that the distance
Jis proportional to the time squared; in other words, in

1,2,3, etc. seconds, the distance it travels will be some ,d
multiple of 17, 2%, 3%, ... Galileo used his pulse to 250 5 ‘
measure the time in his experiments! The rule that fits ;
this data is a parabola, like s= —;—oatz, where t is the 200] n )
time in sec., s the distance in cm, and a the 2
acceleration due to gravity, 980 cm/sec?. 130 '
100
50 .
aq
30
%3 . time [ticks) ®

.
12345670910 1112171141516
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The graph #2 at the right shows ta
the change in distance

with the change in time. It was
obtained by measuring the millimgters
distance between the marks on Tick

the tape. This graph is very W
close to a straight line such as

2X, which we found for the

derivative of X°. Its slope is
about 3.9 mm/tick, so the
average velocity v = 3.9et. w

0

3

G raph *d

-
'ﬁp_p_- S5

B 1 %1 3 4§ % & 7 8 % lm oy 1213 M I A
TICRS ¥

Graph #3

# y omopw omom ok

The graph #3 at the right is the change in speed vs. time or §
the average acceleration, whose equation is a = 3.9 3
mm/tick®. 2

123 *5S&TH

We found the speed after 4 ticks 3 ways: -r'-'h't:

Method 1. From graph #1: The distance covered between ticks 3 and 4 was 12 mm. The
distance between ticks 4 and 5 was 16 mm., so the speed after 4 ticks was between 12 and
16 mm/tick.

Method 2. We went to the graph of change in distance vs. change in time (graph #2). The
graph shows the speed after 4 ticks was about 15.6 mm/tick.

Method 3. According to graph #3, the object accelerates about 3.9 mm/tick each tick.
Therefore, after 4 ticks, its speed is 4¢3.9 = 15.6 mm/tick.

The slope of the tangent to y = 5x%is 10X; toy = X*+ 3X +7 itis 2X + 3
9. The slope of the tangent to the curve y=x’ at the point (5,5%). Find The slope of the

line from (5,5% to ( 5 +1, (5+1)’) = 91
The slope of the line from (5,5%) to (5 +1, (5 +1 )3) =823

. 3
The slope of the line from (5,5%) to (5 +1, (5 +%) ) = 80-L
The slope of the line from (5,5%) to (5 +.0001, (5 +.0001 )3) =75.0015
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We get a sequence 91, 82%, 80—;-, .. 75.0015, ... which approaches 75 or 3+5° as its limit.

We'll use the binomial expansion, putting 5—A and h—B to get
(5+h)’= 5° + 3e5%h + 3¢5"eh’ + h°
The slope of the tangent to the curve y = x* at the point (5,5%) is

3
limit 5+h)° = 5" _ fimit 5 + 3e5%¢h + 3e5'en? 11’ - 5° _
h—0 (5+h)—5 h—-0 h

ILn_jét 3652+ 3e5'eh + h? = 3652
The slope of the tangent to the curve y = X° at the point (6,6°) is

3
limit (8+0)° =6 _ [imit 6>+ 306%¢h + 3¢6'en? 11’ - 6”
h-0 " (6+h)-6 h—0 h

lHI](I)t 3.62+ 3061oh + h2 = 3.62

Generalizing further,
The slope of the tangent to the curve y = X® at the point (X,X°) is

3
limit (0" = _ Jimijt 0 + 3ex®eh + 3exTen 40 -3
h-0 (X+h)..x h—0 h

"NL‘Q'} 3ex*+ Bex'sh + h* = 3eX* [0 the derivative of X is 3¢X°

function its derivative
y=2 1]
The table of functions and their derivatives is Y=ax 2
shown at the right. Below you can see the = %2 2%
patterns lan found. Y= 5y 10%
Y= 5ie AK+T 2x%+3
Y o= 3%°

At age 11, lan realized that he could go up and down, starting with y= x* and used the
following notation to show this:

y =%
y =X
he started here y © = x*
y = ax®
y “ = 12x? lan's notation for the 2nd derivative was y :
y = 24x'
y " =24

y =0
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Going down from X" we get nX"", going up we get %n:—: The first is the derivative of X",

the second is the integral (or antiderivative) of X". That was exciting!

lan also made up the generalization that the n + 1st derivative of X" is 0; as he showed
above, the 5th derivative of X* is 0. This is a nice beginning for Taylor's Theorem.

10. Rectangles of a constant perimeter of 20

=
=

&,
A L|w | & A
. 119 9 25 —""—:
: 2|8 |18 /
372 b
B p ' - theslope
e 41 6| 24 20t} Y ofthis tangent
5| 5|25 \ e =0
4 ine
3 G| 4 | 24 {
; T3 21
‘ 1 i 5 2
1 al 2|18 15 a=tis10L
1 23456 788 d
10 L
The perimeter of a rectangle = 2.L + 2.W = 20, t
so W =10 - L. The area A = LeW. Substituting for \
W, 5
A = Le(10 - L) = L* + 10sL. The graph of this
equation, a parabola (shows up again), is at the
right. Notice that as the length increases the area Gt s 1L

increases, reaches a maximum, then

decreases. If we take the derivative of the area with respect to the length, which is finding

the slope of the tangent to the curve, we get 2¢L + 10. At the maximum point the slope of
the tangent is 0, because at the point where we go from increasing to decreasing area (as
a function of L) we are getting no change in area. So we set

“2.L + 10 = 0. Solving this equation for L, we get L= 5. So the rectangle with the maximum

area has a length of 5, which is a square. This idea of maximum area also applies in 3-D, to
surface area.

What about the other problem, for a given area, of say 36, which rectangle would have the
smallest perimeter?
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Appendix 1 --The important mathematics
| keep saying we should be doing important mathematics with young people. What do |
include in this category of important mathematics??

Infinite series
from coloring in squares, from cookie-sharing (Brad's method--special scissors),
convergent, divergent, limit of, as a name for a fraction, for =, for e, for sin x, for
COoSs X

Infinite sequences-- convergent, divergent, limit of-- from solving equations, ratios of
successive fibonacci numbers, in finding square roots, of partial sums

Infinite continued fractions
for =, for phi, for e, for 2, graphs of

Renaming numbers -- like ié— is a name for%— and so is %+%+—é—+—%+...

Counting
rows on a pineapple — the Fibonacci numbers — the golden mean
leaves on a sunflower stalk — the Fibonacci numbers — the golden angle
as used in cookie-sharing to find how many of a piece makes a whole cookie and thus
naming the piece
squares to find the area on a geoboard and under a curve on graph paper

Fractions
addition, multiplication slope of a line — slope of tangent to a curve
! _ p p
equivalent fractions — the derivative
complex fractions ratio of .diagonal of a regular pentagon . 301den
continued fractions, the side of a regular pentagon
infinite continued fractions mean
division as related to fractions ratios of successive Fibonacci numbers
chang!ng fra.ctions to decimals .and bimals ratio of perin;eter (;f inSfcg}bed.p?lygon ST
changing infinite repeating decimals (and fameter of the circie
bimals) to simple fractions velocity as a ratio of distance
in makmg.hnear gr_aphs rate of interest, %
from sharing cookies sine function

within infinite series and infinite sequences

-\% ratio of white to orange rods to show why

rodents are nocturnal animals
Guessing functions--linear, quadratic, exponential, and their differences

Graphing
linear graphs — fractions, negative numbers, slope and intercept
quadratic — moving parabolas, from distance/time experiment and length/area of
rectangle of constant perimeter of 20; quadratic equation; graphing iterations
partial sums of an infinite series; infinite sequences.
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Angles
of whorling leaves on a sunflower stalk
central angle in a circle > =«
sum of the angles of a polygon

Area, perimeter, and volume
on geoboard -- area of shapes, # of squares— sum of squares
perimeter of the snowflake curve (involves divergent series) and area of the snowflake
curve (involves convergent series)
finding the surface area of 6 cubes

surface area and volume of rods —>%0Al- ratio (involves convergent sequence)

volume of pyramid, volume of cube
area under curves — the integral
area of rectangles with constant perimeter of 20 — derivative

Binomial expansion -- Pascal's triangle (obtaining it 3 or 4 ways), lan's way, its relation to
infinite series,
finding the cube root of 2, in compound interest

Interest
simple, compound - e— sinxand cosx » €7 +1=0

Solving equations
linear -- like 2x + 3 =17, 2x + 3 =18, 5x + 3 = 2x + 21-- by guessing,
by balance pictures, using transformations
quadratic--by guessing, sum and product of roots, by iteration a
number of ways, by graphing, by quadratic formula
cubic -- by iteration, by computer

Iterating functions
to solve equations to find the square root of a number by
to find compound interest averaging

to find the square root of square root...

Computer programs -- see appendix 3
There are other important mathematical topics not included in this book, notably

Pythagoras, geometric transformations with matrices, making 3D models, multiplying 12x13
in your head, sine waves, and number theory.
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Appendix 2 -- Activities for a Parent and/or Teacher Workshop

Try to find patterns in all your work. Graph everything possible!
1. Add up these fractions...forever! L. L, L1, L 1

+ -+ =+ — +—

4 8 16 32
Color in an 8x8 square on graph paper as you add each one. What happens to the sum?
Then try % + é + % +% ... What is this sum going to? Do others. Find a rule.

2. Share 6 cookies with 7 people so that each person gets the same amount. How many
cookies does each person get ? Use 3x5 cards. Do it another way. Do it Brad's way (your
scissors can only cut into 2 equal pieces, and keep track of sizes of pieces). Do it another
way similar to Brad's.

3. Solve for X :

[ fxeforinrn =3

4. Find the perimeter and area of the snowflake curve. You'll need the snowflake sheets.
What happens as we go forever?
5. Now try the harmonic series:

1 1 1 1 1

FtatrtE et ...Use your calculator! What's happening?

6a. Find the S—”\'j% ratio of each of the white to orange Cuisenaire rods. Graph

Length vs SA, L vs Vol., L vs @%}%@i ratio. Use this information to show why rodents

are nocturnal animals.

6b. Graph (find pairs of numbers to make this true, then plot a point for each pair) X +y =
7 and X+Yy =8, etc. for first or second graders, then 2X+3 =y and3X+3 =Y ,efc.
for older students, but try to find patterns in the points, in either case.

6c. Play guess my rule.

7a. Use the sunflower stalk or the pineapple to find its phyllotaxis numbers to generate the
Fibonacci numbers. Find the next ten numbers in the infinite Fibonacci sequence: 1, 1, 2, 3,
5,8,13,21, ...

Find the ratios of the 129€" humbers from the sequence, like

smaller
-}— = %— = % = % = and show each as a mixed number and as a

decimal, to the maximum number of places shown on your calculator. Graph these
numbers.
7b. Make a Fibonacci spiral using the graph paper.
7c. Find the length of the segment AC if point C cuts AB such that
b 1

e
L

A,

B
the wholesegment AB _ thelarger segmentAC | ot the larger seament AC =X . the
thelarger segment AC  the smaller segment CB o 9 ’
smaller segment CB = 1, and the whole segment AB = X +1. From the above proportion
write an equation in X and solve it.

8a. Solve this quadratic equation (that is, make it true): X -5X+6=0. Try guessing, try
some algebraic transformations, graph it. See how many ways you can solve it.

T J
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8b. Graph y=5- 5 and y=5 - 6 Where do these intersect?

X 5_ 6
X
8c. Iterate 5 + 32(—
9. Find (a+ b)2 , (a+ b)3 ..., by drawing a square, then a cube, or In how many ways

can 3, 4, .. coins come up heads and tails ? or How many trains can you make as long
as a purple, .. rod? or On spotty paper, how many routes can you find from point A to
point B.. ?
10a. Use a calculator to find successive approximations to ./ 40 using the iterative

40
(feedback) - averaging method: —+—2Q— = new Guess no.

10b. Find successive square roots of any number, like 40. What happens?
10c. On separate circle dot cards make an equilateral triangle, a hexagon and a
dodecagon. Measure (in mm) the perimeter of each polygon and the diameter of the circle

then find the Perimeterofpolygon rati in each case. What's happening?
diameter of circle

11. Don’t do any arithmetic, but keep a careful record of your work: find the amount of
money you will have after 1 year if you invest $100 at an annual interest rate of 7%,
compounded quarterly. Same problem but compounded 12 times a year. Compounded
daily. What happensif...?

13. Find the area under the curve y = X’ from X=0 to X =1. You will need the %" graph
paper.

14. Find the slope of the line 3X + 5 =y . Find the slope of the curve

y = x* at the point (2,4).

Materials needed.

Paper, pencil, Cuisenaire rods, calculator, rulers, scissors, 3x5 cards, graph paper, 12-dot
circle cards, nautilus shell, area under curve sheets, snowflake curve sheets, pentagon
sheet, pineapple, and sunflower stalk. Don's book, "Calculus By and For Young People
(ages 7, yes 7 and up)". Overhead projector, videotape player (VHS) with color monitor to
view Don's videotapes, chalkboard, and tables for participants to work at. Also see Don'’s
website at http://www.shout.net/~mathman for more student works.
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Appendix 3 --
On writing computer programs and the use of calculators and computers

These programs are really not that complicated (they all say that, right?). Perhaps if we
look carefully at the problems we're studying, it will help with the programming. Just
remember this, there are many ways to write a program and your way is probably just as
good, if not better than mine. As long as we get the same result. And | want to get young
people started quickly, so | go for simplicity, which may not be the most efficient way. The
problems we are working with are:
1. To generate a sequence of numbers, then determine if the sequence converges or
diverges. With a slight change one can use this program to print out multiples of any
number as well as other jobs like this.

a. We need to be able to describe, with some kind of a rule, how to get the numbers.

b. We need to get the first number.

c. We need to print out the first number

d. We need to change something so that

e. When we go back to the rule, we'll get the second number.

f. Then just continue this process to get as many terms in the sequence as we want.

. 1 1 1 1 2 1 3
Suppose we want to print out a sequence of powers of > - We want (3) ) [-2-) , (7)

We'll write these as [%)n ,have n start at 1, calculate and print out the answer, increase n

by 1, go back to the rule, calculate the next number, print it out, and continue this process.
We then have the sequence we want. The program, or set of instructions will vary with the
language we use. To start with n as 1, in Basic we write n=1 (and need instruction or line
numbers), for the FX7000G we just write 1—N with a colon to separate instructions. In the
first column below I've written the instructions for the FX7000G. The A in the language of
the FX7000G means to display the previous number on the screen. In the second column
is a Basic program in which | used a "for, next" loop, which changes N from 1 to 20 and
does the instructions inbetween the "for" and "next" with the new N. The answers produced
in these first 2 programs will be the decimal form. The last 2 columns show how to get
Derive and Mathematica to print out the common fractions.

FX7000G Basic Derive Mathematica
1—->N: 10 for N=1 to 20 vector((1/2)"n,n,3) Table[(1/2)*n,{n,1,3}]
Lbl 6: 20 print (1/2) N ..will print out ..will print out
(1+2)X'NA 30 next N 1 11 1141
1ANSN: 2'4°'78 2'4'8

Goto 6

1a. To generate the sequence of partial sums of an infinite series and to determine if
the series converges or diverges: Start with a number, change it, add this new number to
the old one, and print the sum. Then repeat this process.

. C 1 1 1 2 1 1 2 1 3 2 3 4
We are trying to get: -1, 7+(7] () (7) , and %+(%) + (%j () e
The following program calculates the partial sums of a geometric series

A (-@-]2+ ‘[—/%)3 " (—3—)4 + ... where you put in whatever top number (A) and bottom number

(B) you want; both programs will print the answers as decimals:
FX7000G Basic
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7> AA Putin a # for A, displays it 10 input A; print A

? 5 BA Put in a # for B, displays it 20 input B; print B

0> S: start the sum S=0 30 S=0

1 N: start N, the exponent, =1 40 For N =1to 20

Lbl 3: come here from the Goto 3

(A+B)x'N +S - SA raises the fraction f(A,B) to the N 50 S =(A/B)N +S
th power, adds this to the 60 Print S
previous sum S to get the new

. sum and displays it

Nl N add 1to N

go back to repeat this process 70 Next N

1b. To generate the Fibonacci sequence,

obtained by adding the last 2 numbers 1, 1,2, 3, 5, FX 7000G Basic

8,... 15 X 10 X=1
15Y: 20 Print X

Computer programs to give the Fibonacci sequence Lbl 7: 30 Y=1
for the FX 7000G and in Basic are shown at the X+Y—> ZA 40 PrintY
right. The key thing we need to do here is to make Y 5 X 50 Z=X+Y
the sum into the second number and the second Z->Y: 60 PrintZ

number into the first before repeating the process of Goto 7 70 X=Y

adding the two numbers. 80 Y=Z
90 Goto 50

1c. To generate a sequence of numbers by iterating a function: Start with a function,

put a number in for X, calculate the result, print it, put this result back in for X and repeat
this process. Did you hear the difference between this process and the others? We

calculate the result, then put this result back in for X in the function.

From Chapter 8: FX7000G Mathematica Basic
Computer programs to 7?75 X g[x_J]:=5-6/x 10 N=0
iterate the function Lbl 5: N[NestList[g,1,20],10] 20 INPUT X
5- 5 on the FX7000G, 5-6+X—>XA _ 30 X=5-6/X
X Goto 5 (you define the function, 40 Print X
in Mathematica and in start with 1-X, iterates 50 N=N+1
BASIC (to show 20 20 times and gives 10 60 IF N<20
numbers). digits in each answer) THEN
GOTO 30
70 STOP

2. Graphing-- used in ch. 13 to find the area under a curve by plotting points under the
curve, counting these points and finding the ratio of the number plotted to the number filling
a 1x1 square:

3. To change a fraction to a bimal -- used in ch. 2

The follow list shows the chapter numbers and the program(s) used:
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Ch 1: Print out a sequence of partial sums of an infinite series to determine if the series
converges or diverges.
Ch 2: To change a fraction to its bimal.
Ch 3: None
Ch 4: None
Ch 5: Print out a sequence of partial sums of the harmonic series
Ch 7: Print out the Fibonacci sequence and their successive ratios

Ch 8: #1. Iterate the function 5 - xi This one, shown above, enables you to iterate at least

3 other functions used in this chapter.

#2. lterate —5§—A to find the numbers that make 5— XQ go to zero.

#3. lterate the function %+% to solve a linear equation

Ch 9: None

Ch 10: #1. To get = similar to way Kholer and Achimedes did it.
#2. To get t using a program in Wells' book
#3. To get n using the Gregory-Leibnitz series

#4. To iterate ... \/\/—?

#5. Gayla's (a 6th grader) program to find the first 20 approximations for /N using
the averaging and iteration method
Ch 11: Iterating to get the compound interest for any number of years, t.
Ch 12: None
Ch 13: #1. To find the area under a curve by plotting points under the curve, counting these
points and finding the ratio of the number plotted to the number filling a 1x1
square.
#2. To find the ratio of the volume of a pyramid to the volume of a cube with the
same base and height
#3. To find logs using an infinite series
Ch 14: None
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Note: There are 16 programs given in the worksheets, but other programs are talked about
and it would be possible to write programs for other problems (like finding the golden angle
in ch 7). All the programs are written in basic with most also in the language for the
FX7000G. Other, newer, programmable calcuolators could also be used.

Why use computers and calculators with young people?

| had three experiences in the last few years that made me realize how important it is for
people to use calculators and computers, besides just for word processing and to "check
answers". One was | learned about iteration (the basis of fractals and chaos theory) to

solve quadratic equations. Second, the exciting realization, for me, that i 'is a real number.
The third was that | wrote a program on the FX7000G calculator which plotted and counted
the points under a curve, the integral -- and | could then get young people to do these
things without the calculator!

The calculators and computers give me a way to do tedious things quickly and easily and it
enables me to try things | would never have done before. | can ask questions and get
feedback quickly and easily. In working on the mathematics there were many calculations |
had to do by hand before | saw a pattern. | wouldn't use a computer to teach the graphing
of X +y =7 to a 7 year-old because the 7 year-old needs to make mistakes, needs to put
the numbers on the axes wrong, needs time to think about what she/he is doing. | tend to
get young people using the calculator or computer after | see they can do things with pencil
and paper, after they have seen some patterns. In fact | want to see my students able to do
lots of calculations in their head without pencil and paper and without a calculator. For

example, if | want a youngster to learn about iteration, | might give her 5 + 5 to start with. |

would go step by step the first few iterations, to make sure she can divide a fraction by 2.
Then after this experience | might say, use a calculator to go on, and keep track of what
you get. Then | might get her to write a program to do the iterations and compare the
results obtained before by hand. Teaching is not simple.
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Appendix 4 -- Sheets to be copied
Along with the shell on page Q103 and people tiles on page Q189
.5 " graph paper for chapters 1, 6 with young people
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.25 " graph paper for ch. 6 (graph functions), ch. 7 (spiral), and ch. 8 (sierpinski curve).
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0.1" for area under curves in chapter 13
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Plain triangular graph paper for snowflake curve in chapter 4
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4th snowflake for chapter 4

NN
VAN NN/ VAVAN
ININININININININININONINININININ VAVAN
VAVAVAN VAVAVAVAVAVAVAVAVAVAVAVAVAN
VAVAVAVA INANINNNN VAVAVAN
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VAVAVAVAVAVAVAVAVAV AVAVAN
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INININININININININ.
AVAVAVAVAVAN
NN NNININININ/N/N VAN
VAV AVAVA \<></ INANNININININININGS
\VAVA VAN
AVAVAVAN
UNONONINININININ/N/N/N

VAVAVAVAVAVAVAVAVAVAN
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AVAVAVAVAVAVAVAV
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NANNINININININININNNINININNINININNININNIN
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VAVAVAVAVAVAVANANVAVAVAV ANAVAVAN AVAY ANAVAVAVANAVAVAY
VAVAVAVAVAV AVAVAVAVAVAVAVAVAVAVAVAVA
VAVAVAVAVAVA ANININININININ,
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4th sierpinski curve for chapter 4

Z N\ | 2 N | £ uy. N | N | £ N | £ N N
S \VaRS 2T 2T v
y. N | N | N | Z N
A" ans-g 2T VTN TS 21N R4 g
ALA | A AL LALA LALA | AL/ LA N
< VRS PN 2N ’ 4
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12-dot circles for chapter 10
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The regular pentagon for chapter 7.
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Spotty paper for finding routes in ch. 9, and area in ch. 13
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Materials

Calculator: Casio, Tl (graphics, programmable, scientific)

Cuisenaire Rods- (starter set + 1000- 1cm3rods); ETA/Cuisenaire; 1-800-445-
5985; www.etacuisenaire.com
Geoboard: wood, square array of 5 nails x 5nails; ETA
Mathematics Calendar; Math Products Plus; P.O. Box 64, San Carlos, CA 94070
Mirrors (2), plastic, 4"x6"; ETA
Nautilus Shell; Shell World, 5684 International Dr., Orlando, FL 32819-8509; 1-
407-370-3344; Fax:1-407-396-2244; email: flashells@aol.com;
http://www.shellworld.com
Pineapple (a Fibonacci one - go to your market and count the rows..8, 13, 21!
People will look at you a little funny).
Shuttle Puzzle (haven’t found this- see chapter 6 to make it yourself)
Sunflower stalk and/or head-- start planting!
Ticker-tape (Acceleration Timer): Central Scientific Co.; Franklin Park, IL;
1-800-262-3626; #72702-21
Topographic maps-- a U.S. Geological Survey Dept., some bookstores
Tower Puzzle: ETA
Videotapes
"Infinite Series By and For 6 year-olds and up"; Running time 24 min.; produced
by Don Cohen
"lteration to Infinite Sequences with 6 to 11 year-olds"; Running time 38 min.;
produced by Don Cohen
Websites of note
IES wonderful Java applets at http://www.ies.co.jp/math/java/
with Don's ideas used in 3 of these at:
http://www.ies.co.jp/math/java/compl/itoi/itoi.html ( from Ch. 11-a WOW!) and
http://www.ies.co.jp/math/javal/trig/sixtrigfn/sixtrigfn.html all 6 trig functions
at once
http://www.ies.co.jp/math/java/misc/magbox/Magbox1.html Maggie’s difference
of 2 cubes
The Math Forum, the best MathED site on the www!
http://mathforum.org/
Ron Knott's fine work on Fibonacci numbers and the golden mean at
http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci/fib.html
Xah Lee's great work on curves -especially the equiangular spiral! at
http://xahlee.org/SpecialPlaneCurves dir/EquiangularSpiral _dir/equiangularSpira
l.html

Computer Software
Derive®, http://education.ti.com/product/software/derive/features/features.html
Logo
Mathematica; Wolfram Research Inc., Champaign, IL 61820; http://www.wri.com
Microsoft Basic; Microsoft Corp., Redmond, WA; 1-800-227-4679
DPGraph; by David Parker; http://www.dpgraph.com/subscribe.html
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on Plato (a computer-based education system started at the U of IL); all before Don
and Jerry invented The Math Program.

One of the most exciting and satisfying events in Don's life was the completion of his
book
“Calculus By and For Young People
(ages 7, yes 7 and up)”

which was reviewed in the Dec.1988 issue of Scientific American, as well as in
many other places. The Japanese translation of this book was published by
Kodansha Ltd. on August 20, 1998, and they sold 22,336 copies in 3 1/3 years! He
then produced two videotapes to go with the book
“Infinite Series By and For 6 year-olds and up”
and
“lteration to Infinite Sequences with 6 to 11 year-olds”;

this book of worksheets, which is also on a CD-ROM in Japanese and English, and
“A Map To Calculus” - a poster or flowchart or overview;
and his latest book
“Changing Shapes With Matrices” ; the Japanese translation of this book was
published on April 20, 2001 by Kodansha Ltd. and sold 5,490 in 8 months!

The last few years Don has worked hard to develop his website at URL
http://www.shout.net/~mathman , with email: mathman@shout.net and has worked
with students around the world via IM. These are the good old days!

Don has been blessed with a wonderful wife, three fine sons, and 6 terrific
grandchildren and 2 greatgrandchildren. He is a watercolor artist (see cover) and as
a friend said, "he takes time to smell the flowers and gives them to people".

"We have not succeeded in answering all your problems. The answers we have found only serve to
raise a whole set of new questions. In some ways we feel we are as confused as ever, but we believe
we are confused on a higher level and about more important things". -- from an unknown source, but
certainly a kindred spirit.
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Jonathan at age 7, on the left, and Sean at age 9, work on graphing linear equations during the

summer of 1989. Sean, at age 8 worked on integrals by finding the area under curves (see ch.
13).

What some people have said about
"Calculus By and For Young People (ages 7, yes 7 and up)"

"I really loved your book! It gave me lots of ideas how to make calculus more fun for my students, and how to
relate the excitement of Mathematics to my own children..." --Doron Zeilberger, Drexel Univ.

"..Cohen believes strongly in learning mathematics, not by memorizing formulas and notation, but by truly
understanding and enjoying it..." -- in the October 1989 Educational Leadership (ASCD)

".. I think it will slowly become as popular as it deserves and | hope that it will help many innocent victims of
Bourbarki to recover their mental balance..."-- Manuel Ojanguren, Institut de mathématiques, Universite de
Lausanne, Switzerland

"..intriguing little book..The author has a delightful attitude about teaching and learning:.."-- from the review in the
May-June 1989 issue of Home Education Magazine

" | am glad you are emphasizing that young children can do maths."--W. W. Sawyer, author and mathematics
teacher, Cambridge, England

"Your book is marvelous! | too work with young children and have done activities very similar to these with a few
of them-- but never in such depth. | applaud you! .."--Harriet Dehan, teacher, Shreeveport, LA

"I found (your book) fascinating. It certainly shows how expectations can influence performance.." --Lynn Arthur
Steen, St. Olaf College and Chairman, The Conference Board of the Mathematical Science

"What a terrific, jam-packed, full-of-good-things-to-think-about book!"--danet Dubinski, U of MN
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Kirsten, when she was 8, worked on the
surface area

volume
an infinite sequence and why rats are

nocturnal animals (see ch. 6).

ratios of rods, leading her to

Titus, at age 7, worked on coloring in an 8x8
square to get the infinite series

Lyl lp 1 41 41
4+t st ++ 0 (seech. 1).

274

Don, with Khaki, at age 17, used the computer
program Derive to "zoom in" on a curve to find the
slope of the tangent at a point on the curve, leading
to the derivative, in preparing for her Fall calculus
class (see ch. 14).
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